HODGE TYPE THEOREMS FOR ARITHMETIC MANIFOLDS 
ASSOCIATED TO ORTHOGONAL GROUPS 

NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN 

Abstract. We show that special cycles generate a large part of the cohomol- 
ogy of locally symmetric spaces associated to orthogonal groups. We prove 
in particular that classes of totally geodesic submanifolds generate the coho- 
mology groups of degree n of compact congruence p-dimcnsional hyperbolic 
manifolds "of simple type" as long as n is strictly smaller than We also 

prove that for connected Shimura varieties associated to 0(p, 2) the Hodge 
conjecture is true for classes of degree < ^[^y^]. The proof of our general 
theorem makes use of the recent endoscopic classification of automorphic rep- 
resentations of orthogonal groups by [3] . As such our results are conditional on 
the stabilization of the trace formula for the (disconnected) groups Gh{N) xi {9) 
and SO(2n) xi {9') (where 9 and 6' are the outer automorphisms), see [S] Hy- 
pothesis 3.2]. Unfortunately, at present the stabilization of the trace formula 
has been proved only for the case of connected groups. The extension needed 
is part of work in progress by the Paris-Marseille team of automorphic form 
researchers. For more detail, see the second paragraph of subsection 11.181 be- 
low. 
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1. Introduction 

1.1. Let D be the p-dimensional hyperboHc space and let Yp = T\D be a compact 
hyperbolic manifold. 

Thirty-five years ago one of us (J.M.) proved, see [SS], that if Yp was a com- 
pact hyperbolic manifold of simple arithmetic type (see subsection 11.31 below) then 
there was a congruence covering — ^ Yp such that Y^ contained a nonseparating 
embedded totally geodesic hypersurface F' . Hence the associated homology class 
[F'] was nonzero and the first Betti number of Y^ was nonzero. Somewhat later 
the first author refined this result to 

1.2. Proposition. Assume Yp is arithmetic and contains an (immersed) totally 
geodesic codimension one submanifold 

(1.2.1) F^Yp. 

Then, there exists a finite index subgroup F' C F such that the map (|1.2.ip lifts to 
an embedding F ^ Ypi and the dual class [F] E H^{Ypi) is non zero. 

This result was the first of a series of results on non- vanishing of cohomology 
classes in hyperbolic manifolds, see [S] for the best known results in that direction. 
In this paper we investigate to which extent classes dual to totally geodesic sub- 
manifolds generate the whole cohomology. We work with congruence hyperbolic 
manifolds. 

All the results below depend on Arthur's endoscopic classification of automorphic 
representations of orthogonal groups [5]. We therefore emphasize that at time of 
writing they are still conditional on the stabilization of the twisted trace formula 
for the group GL(7V) and SO(27i), see [Sj Hypothesis 3.2.1] and §1.181 for more 
precisions. 

1.3. First we recall the general definition of congruence hyperbolic manifolds of 
simple type. Let F be a totally real field and A the ring of adeles of F. Let V 
be a nondegenerate quadratic space over F with dimp V = m. We assume that 
G = SO(y) is compact at all but one infinite place. We denote by vq the infinite 
place where SO(y) is non compact and assume that G{Fyg) = SO(p, 1). 

Consider the image F = Fa' in SO(p, l)o of the intersection G{F) n K, where 
K is a, compact-open subgroup of G{Af) the group of finite adclic points of G. 
According to a classical theorem of Borel and Harish-Chandra, it is a lattice in 
SO(p, l)o. It is a cocompact lattice if and only if G is anisotropic over F. If F is 
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sufficiently deep, i.e. i^T is a sufficiently small compact-open subgroup of G(A/), 
then r is moreover torsion- free. 

The special orthogonal group SO(p) is a maximal compact subgroup of SO{p, l)o, 
and the quotient SO{p, l)o/SO(p) - the associated symmetric space - is isometric 
to the n-dimensional hyperbolic space D. 

A compact congruence hyperbolic manifolds of simple type is a quotient Yk = 
T\D with r ~ Tk a torsion-free congruence subgroup obtained as above. r\D is an 
n-dimensional congruence hyperbolic manifold. In general, a hyperbolic manifold is 
arithmetic if it shares a common finite cover with a congruence hyperbolic manifold. 

1.4. Compact congruence hyperbolic manifolds of simple type contains a lot of 
(immersed) totally geodesic codimension one submanifolds to which Proposition 
11.21 applies. In fact: to any totally positive definite sub-quadratic space U C V oi 
dimension n < p we associate a totally geodesic (immersed) submanifold c{U, K) 
of codimension n in Yk- Set H = SO(C/-^) so that H{Fy^) = SO{p - n, 1). There 
is a natural morphism H ^ G. Recall that we can realize D as the set of negative 
lines in . We then let Dh be the subset of D consisting of those lines which lie 
in U^^. Let Tu be the image of H{F) n K in SO(p - n, l)o. The cycle c{U,K) is 
the image of the natural map 

Tu\Dh ^ T\D. 

It defines a cohomology class [c{U,K)] e i7"(Yf(-,Q). 

The following theorem can thus be thought as a converse to Proposition 1 1.21 

1.5. Theorem. Suppose n < [|] . Let Y^ he a p-dimensional compact congruence 
hyperbolic manifold of simple type. Then H"(Yx,Q) is spanned by the Poincare 
duals of classes of totally geodesic (immersed) submanifolds of codimension n. 

1.6. Let p : r — > SO(p, 1) be the inclusion. Suppose G is SO(p + 1,1) resp. 
GL(p+l, R). In each case we have a natural inclusion o : SO(p, 1) — ?► G. For the case 
G ~ SO(p + 1, 1) the image of i is the subgroup leaving the first basis vector of ]R''+^ 
fixed, in the second the inclusion is the "identity" . The representation p = iop : V — )■ 
G is no longer rigid (note that p(r) has infinite covolume in G). Though there was 
some earlier work this was firmly established in the early 1980's by Thurston, who 
discovered the "Thurston bending deformations" , which are nontrivial deformations 
Pt, t € K associated to embedded totally geodesic hypersurfaces Cu = c[U, K) where 
dim(C/) = 1, see [39] §5, for an algebraic description of these deformations. It is 
known that the Zariski tangent space to the real algebraic variety IIom(r, G) of 
representations at the point pis the space of one cocycles Z^iT^MP'^'^) in the first 
case and Z^{V, 'K'^{Wp+'^)) in the second case. Here Jf2(RP+i)) denotes the space of 
harmonic (for the Minkowski metric) degree two polynomials on M^"*"^. Also trivial 
deformations correspond to 1-coboundaries. Then Theorem 5.1 of [321 proves that 
the tangent vector to the curve pt at t = is cohomologous to the Poincare dual 
of the embedded hypersurface Cu equipped with the coefficient u in the first case 
and the harmonic projection of u ® u in the second where w is a suitable vector in 
U determining the paramctrization of the curve pt. 

We then have 

1.7. Theorem. Suppose p > 6. Let T ~ Tk be a cocompact congruence lattice of 
simple type m SO(p, l)o. Then H^{T,W+^) resp. {T ."K^ are spanned by 
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the Poincare duals of (possibly non-embedded) totally-geodesic hypersurfaces with 
coefficients m Rp+i resp. , 

Remark. First, we remind the reader that the above deformation spaces of represen- 
tations are homeomorphic to deformation spaces of locahy homogeneous structures. 
In the first hyperbohc structure on a compact manifold M is a fortiori a 

fiat conformal structure and a neighborhood of p in the first space of representa- 
tions (into SO{p -\- 1,1)) is homeomorphic to a neighborhood of M in the space 
of (marked) flat conformal structures. In the second case (representations into 
PGL(p -I- 1,M)) a neighborhood of p is homeomorphic to a neighborhood of the 
hyperbolic manifold in the space of (marked) flat real projective structures. Thus 
it is of interest to apply deformation theory to describe a neighborhood of p in these 
two cases. By the above theorem we know the inflnitesimal deformations of p are 
spanned modulo boundaries by the Poincare duals of totally-geodesic hypersurfaces 
with coefficients. The first obstruction can be nonzero, see [331 ^^lo showed that 
the first obstruction is obtained by intersecting the representing totally geodesic 
hypersurfaces with coefficients. Thus one is led to ask can the higher obstructions 
(Massey products) be nonzero. In this context Theorem 11.201 below is very sug- 
gestive. By Theorem 1 1 . 201 we can compute the first obstruction as the restriction 
of the wedge of holomorphic vector- valued one- forms on Y'^ . This gives the first 
evidence for the hope shared by the second author and Misha Kapovich for almost 
twenty years that, for p large, the corresponding deformation theories would be 
formal, see [30]. Then the deformation spaces would be cut out from the above 
first cohomology groups by the vector-valued quadratic equations given by the first 
obstruction and the deformation spaces would be computable in special cases. 

1.8. Theorems 11.51 and 11.71 bear a strong ressemblance to the famous Hodge con- 
jecture for complex projective manifolds: Let y be a projective complex manifold. 
Then every rational cohomology class of type (n, n) on y is a linear combination 
with rational coefficients of the cohomology classes of complex subvarieties of Y . 

Hyperbolic manifolds are not complex (projective) manifolds, so that Theorem 
11.51 is not obviously related to the Hodge conjecture. We may nevertheless con- 
sider the congruence locally symmetric varieties associated to orthogonal groups 
0(p, 2). These are connected Shimura varieties and as such are projective complex 
manifolds. As in the case of real hyperbolic manifolds, one may associate special 
algebraic cycles to orthogonal subgroups 0{p — n, 2) of 0(p, 2). 

The proof of the following theorem now follows the same lines as the proof of 
Theorem O 

1.9. Theorem. Let Y be a connected compact Shimura variety associated to the 
orthogonal group 0{p,2). Let n be an integer < i [^^] • Then every rational co- 
homology class of type (n, n) on Y is a linear combination with rational coefficients 
of the cohomology classes Poincare dual to complex subvarieties of Y . 

Note that the complex dimension of Y is p. Hodge theory provides H'^^{Y) with 
a pure Hodge structure of weight 2n and we more precisely prove that iJ"'"(F) is 
defined over (J and that every rational cohomology class of type (n, n) on F is a 
linear combination with rational coefficients of the cup product with some power of 
the Lefschetz class of cohomology classes associated to the special algebraic cycles 
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corresponding to orthogonal subgroupsQ A more general theorem deals with the 
cuspidal cohomology of non-compact Shimura variety. And we hope to extend 
our result to the whole L^-cohomology in a sequel to this paper. Using work of 
Weissauer [84j this is done in the special case p = 3 and n = 1 by Hoffman and 
He [33]. In this last case the Shimura varieties are Siegel modular threefolds and 
the special algebraic cycles are Humbert surfaces and their main theorem states 
that the Humbert surfaces rationally generate the Picard groups of Siegel modular 
threefolds. 

1.10. A general theorem. As we explain in sections [Til and [T2l thcorems ll.Si 11.71 
and 11.91 follow from Theorem 110.101 which is the main result of our paper. It is 
concerned with arithmetic congruence manifolds Y = Yk associated to G = SO(F) 
as above but such that G{Fv„) ~ SO{p,q) with p + q = m. It is related to the 
Hodge conjecture through a refined decomposition of the cohomology that we now 
briefly described. 

1.11. The refined Hodge decomposition. As first suggested by Chern [16] the 
decomposition of exterior powers of the cotangent bundle of D under the action 
of the holonomy group, i.e. the maximal compact subgroup of G, yields a natural 
notion of refined Hodge decomposition of the cohomology groups of the associated 
locally symmetric spaces. Recall that 

Z? = SOo(p,9)/(SO(p) X SO(g)) 

and let g = { © p be the corresponding (complexified) Cartan decomposition. As 
a representation of SO(p, C) x SO(g,C) the space p is isomorphic to ® VI 
where V+ = C (resp. V- = C^) is the standard representation of SO(p, C) (resp. 
SO(q, C)). The refined Hodge types therefore correspond to irreducible summands 
in the decomposition of A*p* as a (SO(p, C) x SO(q, C))-module. In the case of 
the group SU(n, 1) (then D is the complex hyperbolic space) it is an exercise to 
check that one recovers the usual Hodge-Lefschetz decomposition. But in general 
the decomposition is much finer and in our orthogonal case it is hard to write 
down the full decomposition of A*p into irreducible modules. Note that, as a 
GL(V+) X GL(F_)-modulc, the decomposition is already quite complicated. We 
have (see [211 Equation (19), p. 121]): 

(1.11.1) A« iy+ ® VI) 5^(y+) ® s^,{v.y. 

Here we sum over all partition of R (equivalently Young diagram of size \^\ — R) 
and /X* is the conjugate partition (or transposed Young diagram). 

It nevertheless follows from work of Vogan-Zuckerman [79] that very few of the 
irreducible submodules of A*p* can occur as refined Hodge types of non-trivial 
coholomogy classes. The ones which can occur (and do occur non-trivially for 
some r) are understood in terms of cohomological representations of G. We review 
cohomological representations of G in section |5j We recall in particular how to 
associate to each cohomological representation tt of G a strongly primitive refined 
Hodge type. This refined Hodge type correspond to an irreducible representation 
of SO(p) X SO(q) which is uniquely determined by some special kind of partition 
fjL as in (|l.ll.ip . see [8] where these special partitions are called orthogonal. The 

^We should note that H'^" {Y) is of pure (n, n)-type when n < p/4 but this is no longer the 
case in general when n > p/4. 
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first degree where these refined Hodge types can occur is i? = We wiU use the 
notation i/^ for the space of the cohomology in degree R = \fj,\ corresponding to 
this special Hodge type. 

Note that since A'p = A*(V'+ ® VI) the group SL{q) = SL(T^_) acts on A'p*. 
In this paper we will be mainly concerned with elements of (A'p*)^'"^*^ - that is 
elements that are trivial on the V--side. Note that in general (A*p*)^'^^^^ is strictly 
contained in (A'p*)^^^'?^ Recah that if q is even there exists an invariant element 

e^g (A?p*)SO(p)xSL(,)^ 

the Euler class/form (see subsection 15.12.1] for the definition). We define = if 
q is odd. We finally note that if fi is the partition q+ . . . + q {n times) then S*^* {V- ) 
is the trivial representation of SL(VL) and the special Hodge type associated to fi 
occurs in (A^'^p*)^'"^''); in that case we use the notation ^ = n x q. 

1.12. The refined Hodge decomposition of special cycles with coefficients. 

We also consider general local systems of coefficients. Let A be a dominant weight 
for SO{p,q) with at most n < p/2 nonzero entries and let E{X) be the associated 
finite dimensional representation of SO{p,q). 

The reader will verify that the subalgebra A*(p*)^'"'*-' of A*(p*) is invariant under 
Kca = SO(p) X S0((7). Hence, we may form the associated subbundle 

F = Dxk^, (A*(p*)SL('?) ®i;(A)) 

of the bundle 

Dxk^ {A'{p*)<E>E{X)) 

of exterior powers of the cotangent bundle of D twisted by E{X). The space of 
sections of F is invariant under the Laplacian and hence under harmonic projection, 
compare [TH bottom of p. 105]. In case E{X) is trivial the space of sections of F is 
a subalgebra of the algebra of differential forms. 

We denote by H*^gp{Y, E{X))^'^ the corresponding subspace (subalgebra if E{X) 
is trivial) of H'^^p{Y, E{X)). Note that when g = 1 we have H'^^^iY, E{X))^^ = 
H*^^p{Y, E{X)) and when q = 2 we have 

i/:„,p(r,i?(A))^^ = (Bi^,H:^^^iY,EiX)). 

As above we may associate to 7i-dimensional totally positive sub-quadratic spaces 
of V special cycles of codimension nq in Y with coefficients in the finite dimensional 
representation E{X). They yield classes in H^^^p(Y, E(X)). In fact we shall show 
that these classes belong to the subspace i7™'gp(y, £'(A))^'~" and it follows from 
Proposition 15.151 that 

(1.12.1) 7?:,,p(y, E{X)f^ ^ ©i^io^l ®rJ; e\H:-l{Y, E{X)). 

(Compare with the usual Hodge-Lefschetz decomposition.) We call H^^^^iY, E{X)) 
the primitive part of Hl'-^^p{Y, E{X))^'^. We see then that if q is odd the above special 
classes have pure refined Hodge type and if q is even each such class is the sum of 
at most n + 1 refined Hodge types. In what follows we will consider the primitive 
part of the special cycles i.e. their projections into the subspace associated to the 
refined Hodge type n x q: 

The notion of refined Hodge type is a local Riemannian geometric one. However 
since we are dealing with locally symmetric spaces there is an equivalent global 
definition in terms of automorphic representations. Let (A) be the cohomological 
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Vogan-Zuckerman {g, K)-modu\e ^q(A) where q is a 6'-stable parabolic subalgebra 
of whose associated Levi subgroup L is isomorphic to U(l)" x SO{p — 2n,q). 
Let i/"^gp(y, _E(A))^^ (jSj) denote the space of cuspidal harmonic rig-forms such that 
the corresponding automorphic representations of the adelic orthogonal group have 
distinguished (corresponding to the noncompact factor) infinite component equal 
to the unitary representation corresponding to ^q(A). Then we have 

/f,7sp(>^,i^(A))A,(A) = KZ',iY,EiX)). 
Now Theorem 110.101 reads as: 

1.13. Theorem. Suppose 2n < m — [m/2] — 1 = [(m — l)/2]. Then the space 
H"^^{Y, E{X)) is spanned by the projections of classes of special cycles. 

Remark. Here we have identified the fundamental homology class of an oriented 
submanifold of an oriented manifold with the cohomology class that is dual to 
it under Poincare duality. We will continue to make this abuse of terminology 
throughout the rest of the paper. 

In degree R < min (m — 3,pq/A) one may deduce from the Vogan-Zuckerman 
classification of cohomological representations that H^^piY, E{X)) is generated 
by cup-products of invariant forms with primitive subspaces H"^^^{Y, E{X)) or 
HP^J^{Y, E{X)). Exchanging the role of p and q we may therefore apply Theo- 
rem [TTT3] to prove the following: 

1.14. Corollary. Let R be an integer < min (m — 3, ^[{m — l)/2], pq/A^ Then the 
full cohomology group H^^^gp{Y,E) is generated by cup-products of classes of totally 
geodesic cycles and invariant forms. 

Beside proving Theorem 11.131 we also provide strong evidence for the following: 

1.15. Conjecture. (1) Theorem remains valid as long as p > 2n and 

TO — 1 > 3n. 

(2) If p ~ 2n or m — 1 < 3n the space H"^^(Y, E(X)) is not spanned by 
projections of classes of special cycles. 

More precisely, we give a conjecture which is widely accepted in the theory of 
archimedean representations, see i 36.4l and under this conjecture we prove the first 
part of the conjecture. 

In particular: Theorem 11.51 should remain valid as long as p > 3n, Theorem 11.71 
should remain valid as long as p > 3 and Theorem 11.91 should remain valid as long 
as p + 1 > 3n. In the special case p = 3, q = n = 1 we give an example of a cuspidal 
class of degree one in the cohomology of Bianchi hyperbolic manifolds which does 
not belong to the subspace spanned by classes of special cycles, sec Proposition 
[T5T41 

1.16. Organisation of the paper. The proof of Theorem llO.lOl is the combination 
of three main steps. 

The first step is the work of Kudla-Millson [35] - as extended by Funke and 
Millson [26] . It relates the subspace of the cohomology of locally symmetric spaces 
associated to orthogonal groups generated by special cycles to certain cohomology 
classes associated to the "special theta lift" using vector-valued adelic Schwartz 
functions with a fixed vector-valued component at infinity. More precisely, the 
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special tlieta lift restricts the general theta lift to Schwartz functions that have at 
the distinguished infinite place where the orthogonal group is noncompact the fixed 
Schwartz function (Pnq.[x] taking values in the vector space Sx{C")* (E) A"^(p)* (E) 
sec tj7.13[ at infinity. The Schwartz functions at the other infinite places are 
Gaussians (scalar-valued) and at the finite places are scalar-valued and otherwise 
arbitrary. The main point is that (Pnq.[\] is a relative Lie algebra cocycle for the 
orthogonal group allowing one to interpret the special theta lift cohomologically. 

The second step, accomplished in Theorem 110.51 and depending essentially on 
Theorem 17.321 is to show that the intersections of the images of the general theta 
lift and the special theta lift just described with the subspacc of the cuspidal auto- 
morphic forms that have infinite component the Vogan-Zuckerman representation 
Aq{X) coincide (of course the first intersection is potentially larger). In other words 
the special theta lift accounts for all the cohomology of type Aq(A) that may be 
obtained from theta lifting. This is the analogue of the main result of the paper of 
Hoffman and He |33] for the special case of SO (3, 2) and our arguments are very 
similar to theirs. Combining the first two steps, we show that, in low degree (small 
ri), all cuspidal cohomology classes of degree nq and type Aq{X) that can by ob- 
tained from the general theta lift coincide with the span of the special chomology 
classes dual to the special cycles of Kudla-Millson and Funke-Millson. 

The third step (and it is here that we use Arthur's classification [3]) is to show 
that in low degree (small n) any cohomology class in H"^gp{Y, E{X))a^{\) can be 
obtained as a projection of the class of a theta series. In other words, we prove the 
low-degree cohomological surjectivity of the general theta lift (for cuspidal classes 
of the refined Hodge type Aq (A)). In particular in the course of the proof we obtain 
the following (see Theorem 18. 13^ : 

1.17. Theorem. Assume that V is anisotropic and 2n < m — 1^/2] — 1. Then the 
global theta correspondence induces an isomorphism between the space of cuspidal 
holomorphic Siegel modular forms, of weight Sx^C")* (EC- at Vq and weight <C- ir 
at all the others infinite places, on the connected Shimura variety associated to the 
symplectic group Sp2„|f and the space 

i7"'(Sh°(G),i?(A))A,(A) = lim H'^^Yk,E{X)) A, w- 

K 

Combining the two steps we find that in low degree the space 

\\TnH'''i{YK,E{X))A,(X) 

K 

is spanned by images of duals of special cycles. From this we deduce (again for 
small n) that HJ!;^^^{Y,E{X))a^(\) is spanned by totally geodesic cycles. 

The injectivity part of the previous theorem is not new. It follows from Rallis 
inner product formula [51]. In our case it is due to Li, see [S31 Theorem 1.1]. The 
surjectivity is the subject of [631 129] that wc summarize in section [21 In brief a 
cohomology class (or more generally any automorphic form) is in the image of the 
theta lift if its partial L-function has a pole far on the right. This condition may 
be thought of as asking that the automorphic form - or rather its lift to GL(iV) 
- is very non-tempered in all but a finite number of places. To apply this result 
we have to relate this global condition to the local condition that our automorphic 
form is of a certain cohomological type at infinity. 
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1.18. This is where the deep theory of Arthur comes into play. We summarize 
Arthur's theory in section [3l Very briefly: Arthur classifies automorphic represen- 
tations of classical groups into global packets. Two automorphic representations 
belong to the same packet if their partial L-functions are the same i.e. if the local 
components of the two automorphic representations are isomorphic almost every- 
where. Moreover in loose terms: Arthur shows that if an automorphic form is very 
non tempered at one place then it is very non tempered everywhere. To conclude 
we therefore have to study the cohomological representations at infinity and show 
that those we are interested in are very non-tempered, this is the main issue of 
section ini Arthur's work on the endoscopic classification of representations of clas- 
sical groups relates the automorphic representations of the orthogonal groups to 
the automorphic representations of GL(A^) twisted by some outer automorphism 
9. Note however that the relation is made through the stable trace formula for the 
orthogonal groups (twisted by an outer automorphism in the even case) and the 
stable trace formula for the twisted (non connected) group GL(A^) xi {9). 

Thus, as pointed out in the abstract, our work is still conditional on extensions 
to the twisted case of results which have only been proved so far in the case of 
connected groups. To be precise Arthur's work [3] is conditional on two such results: 
We already have mentioned the first; it is the stabilization of the trace formula for 
the two (disconnected) groups GL(iV) xi {9) and S0(2n) xi {9') (where 9 and 9' are the 
outer automorphisms), see [Sj Hypothesis 3.2.1]3 This is part of a work in progress 
by the Paris-Marseille team of automorphic forms. The second - local - result 
that Arthur takes for granted, is Shelstad's strong spectral transfer of tempered 
archimedean characters; to quote Arthur: "The general twisted form of Shelstad's 
endoscopic classification appears to be within reach. It is likely to be established 
soon by some extension of recent work by Mezo [57] and Shelstad [72]." And indeed: 
partial results - sufficient to establish the version of this second local result that 
we require - have recently been announced by Mezo. To be complete we should 
add that the stabilization of the trace formula [S] (3.2.3)] "now valid if G is any 
connected group" [31 p. 135] depends on the weighted fundamental lemma which is 
announced by Chaudouard and Laumon |15l 114) but is not completly written yet, 
see footnote 13 in Appendix A. 

1.19. Part 4 is devoted to applications. Apart from those already mentioned, we 
deduce from our results and recent results of Cossutta [TO] and Cossutta-Marshall 
[20) an estimate on the growth of the small degree Betti numbers in congruence 
covers of hyperbolic manifolds of simple type. We also deduce from our results an 
application to the non-vanishing of certain periods of automorphic forms. 

We finally note that the symmetric space D embeds as a totally geodesic and 
totally real submanifold in the Hermitian symmetric space associated to the 
unitary group \]{p,q). Also there exists a representation E{Xf-' of \]{p,q) whose 
restriction of 0{p,q) contains the irreducible representation E{X). Hence there is 
a 0{p,q) homomorphism from E{X)^\0{p,q) to E{X). As explained in ! 37.15l the 
form ipnq,[\] is best understood as the restriction of a homomophic Kazhdan form 



We could certainly make our results conditional on the stabilization of the trace formula only 
for the group GL(Af) >!i {9). The price to pay would be to make this paper harder to read. And 
the benefit would be very low as the work in progress by the Paris-Marseille team of automorphic 
forms is concerned with the stabilization of the twisted trace formula in a very general setting 
which contains both the groups GL(A'') xi {G) and SO(2n) x {9'). 
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on D"^. Now any Y ~ Yk as in §1.101 embeds as a totally geodesic and totally real 
submanifold in a connected Shimura variety Y'^ modelled on D*'. And the proof of 
Theorem 11.131 implies: 

1.20. Theorem. Suppose 2n < [{m - l)/2]. Then the space H^^^^{Y, E{X)) is 
spanned by the restriction o/ holomorphic forms in H^^^^^Y"'' , E{X)^) . 

As holomorphic forms are easier to deal with, we hope that this theorem may 
help to shed light on the cohomology of the non-Hermitian manifolds Y. 

1.21. More comments. General arithmetic manifolds associated to SO{p,q) are 
of two types: The simple type and the non-simple type. In this paper we only 
deal with the former, i.e. arithmetic manifolds associated to a quadratic space 
V of signature {p, q) at one infinite place and definite at all other infinite places. 
Indeed: the manifolds constructed that way contain totally geodesic submanifolds 
associated to subquadratic spaces. But when m = p + q is even there are other 
constructions of arithmetic lattices in SO{p,q) commensurable with the group of 
units of an appropriate skew-hermitian form over a quaternion field (see e.g. |55[ 
Section 2]. Note that when m = 4, 8 there are further constructions that we won't 
discuss here. 

Arithmetic manifolds of non-simple type do not contain as many totally geodesic 
cycles as those of simple type and Theorem 11.131 cannot hold. For example the real 
hyperbolic manifolds constructed in this way in [55j do not contain codimension 1 
totally geodesic submanifolds. We should nevertheless point out that there is a gen- 
eral method to produce nonzero cohomology classes for these manifolds: As first 
noticed by Raghunathan and Venkataramana, these manifolds can be embedded 
as totally geodesic and totally real submanifolds in unitary arithmetic manifolds 
of simple type, see [68]. On the latter a general construction due to Kazhdan and 
extended by Borel-Wallach [121 Chapter VIII] produces nonzero holomorphic coho- 
mology classes as theta series. Their restrictions to the totally real submanifolds 
we started with can produce nonzero cohomology classes and Theorem 11.201 should 
still hold in that case. This would indeed follow from our proof modulo the natural 
extension of |291 Theorem 1.1 (1)] for unitary groups of skew-hermitian form over 
a quaternion field. 

To conclude we should also mention that our results should naturally extend to 
unitary groups. This is works in progress; the main missing part is that Arthur's 
theory has not been written in that setting yet. 

We would like to thank Jeffrey Adams for helpful conversations about this paper. 
The second author would like to thank Stephen Kudla and Jens Funke for their 
collaborations which formed a critical input to this paper. 

Part 1. Automorphic forms 

2. Theta liftings for orthogonal groups: some backgrounds 

2.1. Notations. Let be a number field and A the ring of adeles of F. Let V be 
a nondegenerate quadratic space over F with dim^? V = m. 

2.2. The theta correspondence. Let X be a symplectic i^-space with dimj? X = 
2p. We consider the tensor product X^V . It is naturally a symplectic i^-space and 
we let Sp(X (g) V) be the corresponding symplectic F-group. Then (0(y),Sp(X)) 
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forms a reductive dual pair in Sp(X (8) V), in the sense of Howe [34]. We denote by 
Mp(X) the metaplectic double cover of Sp(X) if m is odd or simply Sp(X) is m is 
even. 

For a non-trivial additive character ip of A/i^, we may define the oscillator rep- 
resentation Lo^,. It is an automorphic representation of the metaplectic double cover 
Sp(X (g) V) of Sp = Sp{X ig) V), which is realized in the Schrodingcr model. The 
maximal compact subgroup of Sp(X (g) y) is U = \Jpm, the unitary group in pm 
variables. We denote by U its preimage in Sp{X (g V). The associated space of 
smooth vectors of ut is the Bruhat-Schwartz space 8i{V{A)p). The (sp, U)-module 
associated to uj is made explicit by the realization of w known as the Fock model 
that we will brefly review in §7.41 Using it, one sees that the U- finite vectors in w 
is the subspace S{V{Ay) C §{V{Ay) obtained by replacing, at each infinite place, 
the Schwartz space by the polynomial Fock space SiV^) C §{V^)^ i.e. the image of 
holomorphic polynomials on C''™ under the intertwining map from the Fock model 
of the oscillator representation to the Schrodingcr model. 

2.3. We denote by Om(A), Mp2p(A) and Sp2p,„(A) the adelic points of respectively 
0{V), Mp{X) and Sp(X g) V). The global metaplectic group Sp2p,„(A) acts in 
S(V^(A)^') via Lj and preserves the dense subspace S(y(A)^'). For each (j> G S(V^(A)p) 
we form the theta function 

(2.3.1) 0^,4x)= ^V'(^)W(e) 

on Sp2p„j(A). There is a natural homomorphism 

0™(A) X Mp2p(A) ^ Sp2p,n{^) 

which is described with great details in [38]. We pull the oscillator representation 
back to Om(A) x Mp2p(A). Then {g,g') i-> d,p,4,{g' , g) is a smooth, slowly 
increasing function on 0(V^)\0™(A) x Mp(X)\Mp2p('A); see [831 [34]. 

2.4. The global theta lifting. We denote by yi'=(Mp(X)) the set of irreducible 
cuspidal automorphic representations of Mp2p(A), which occur as irreducible sub- 
spaces in the space of cuspidal automorphic functions in L^(Mp(X)\Mp2p(A)). For 
a tt' e A%Mp{X)), the integral 

(2.4.1) 0i49)= f e^,^{g,g')f{g')dg', 

■/Mp(X)\Mp2p(A) 

with / e H-^i (the space of tt'), defines an automorphic function on 0„i(A) : 
the integral (|2.4.ip is well defined, and determines a slowly increasing function 
on 0(F)\Om(A). We denote by x^"^') ^he space of the automorphic represen- 
tation generated by all 0^ ^{g) as 4> and / vary, and call Q^^xW) the V'-theta lifting 
of tt' to 0,„(A). Note that, since S(F(A)^') is dense in §(y(A)^') we may as well let 
(p vary in the subspace S(V^(A)^'). 

We can similarly define A'^{0{V)) and the V^-theta correspondence from 

0{V) to Mp(X). 
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2.5. It follows from [63] and from [38l Theorem 1.3] that if j^(7r') contains non- 
zero cuspidal automorphic functions on Om{^) then the representation of Om(A) 
in 6^x(^') is irreducible (and cuspidal). We also denote by 0^x(^') corre- 
sponding element of A'^{0{V)) In that case it moreover follows from [63] and [38] 
Theorem 1.1] that 

We say that a representation tt G A'^{0{V)) is in the image of the cuspidal ip- 
theta correspondence from a smaller group if there exists a symplcctic space X with 
dimX < m and a representation tt' e A'^{Mp{X)) such that 

^ = 0^,xK)- 

2.6. The main technical point of this paper is to prove that if tt £ A'^{0{V)) is 
such that its local component at infinity is "sufBciently non-tempered" (this has to 
be made precise) then the global representation tt is in the image of the cuspidal 
-(/j-theta correspondence from a smaller group. 

As usual we encode local components of tt into an L-function. In fact we only 
consider its partial L-function L^{s,tt) = Otj^s -^('^' ) where 5 is a sufficiently 
big finite set of places such that tti, is unramified for each v ^ S. For such a v we 
define the local factor L(s,Try) by considering the Langlands parameter of ttv 

Remark. We will loosely identifies the partial L-function of tt and that of its re- 
striction to SO(F). However we should note that the restriction of iVy to the special 
orthogonal group may be reducible: If ^ 5* we may associate to the Langlands 
parameter of 7r„ representations from the principal series of the special orthogonal 
group. Each of these has a unique unramified subquotient and the restriction of 
TTv to the special orthogonal group is then the sum of the non-isomorphic subquo- 
tientsH Anyway: the local L-factor is the same for each summand of the restriction 
as it only depends on the Langlands parameter. 

We may generalize these definitions to form the partial L-functions L^{s, tt x rf) 
for any automorphic character 77. 

Now the following proposition is a first important step toward the proof that 
a "sufficiently non-tempered" automorphic representation is in the image of the 
cuspidal 'i/'-theta correspondence from a smaller group. It is symmetric to |49[ 
Theorem 7.2.5] and is the subject of [l^ and |29l Theorem 1.1 (1)]; it is revisited 
and generalized in |27| . 

2.7. Proposition. Let tt e A'^'{0{V)) and let rj he a quadratic character of F*\A* . 
Let a be a nonnegative integer with a + 1 = m mod 2. We assume that the partial 
L-function L^ {s, tt x 7]) is holomorphic in the half-plane Re(s) > ^(a 1) and has 
a pole in s = i(a + 1). Let p = ■^{m — a — 1) and X be a symplcctic F-space with 
dimX ~ 2p. 

Then there exists an automorphic sign character e o/0„i(A) such that the ip~^- 
theta lifting of {tt ® ri) ® e to Mp2p(A) does not vanish. 

The big second step to achieve our first goal will rely on Arthur's theory. 



■^There are at most two such non-isomorphic subquoticnts. 
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3. Arthur's theory 



3.1. Notations. Let F be a number field, A its ring of adeles and Tp = Gal(Q/F). 
Let y be a nondegenerate quadratic space over F witli dimj;- V = m. We let G be 
the special orthogonal group SO(F) over F. We set £ = [m/2] and N = 21. 

The group G is an inner form of a quasi-split form G* . As for now Arthur's work 
only deals with quasi-split groups. We first describe the group G* according to the 
parity of m and briefly recall the results of Arthur we shall need. We recall from 
the introduction that Arthur's work rely on extensions to the twisted case of two 
results which have only been proved so far in the case of connected groups: The 
first is the stabilization of the twisted trace formula for the two groups GL(iV) and 
S0(2rt), see [31 Hypothesis 3.2.1]. The second is Shelstad's strong spectral transfer 
of tempered archimedean characters. Taking these for granted we will explain how 
to deal with non-quasi-split groups in the next section. 

3.2. We first assume that m = iV+ 1 is odd. Then the special orthogonal group G 
is an inner form of the s-plit form G* = SO(m) over F associated to the symmetric 
bilinear form whose matrix is 



3.3. We now assume that m = TV is even. We let SO(A^) be the split orthogonal 
group over F associated to the symmetric bilinear form whose matrix is J. The 
quasi-split forms of SO(iV) are parametrized by morphisms Tp ^ Z/2Z, which by 
class field theory correspond to characters r] on F*\A* such that rj^ = 1 - quadratic 
Artin characters. We denote by SO(A^, 77) the outer twist of the split group SO(A) 
determined by rj: the twisting is induced by the action of Fi? on the Dynkin diagram 
via the character rj. 

When m = TV is even, there exists a quadratic Artin character 77 such that G is 
an inner form of the quasi-split group G* = SO(A, 77). The (complex) dual group 
of G* is then = SO(iV,C) and ^G = G'^ x Tp, where Tp acts on by an 
order 2 automorphism - trivial on the kernel of rj ~ and fixes a splitting, see jlOl p. 
79] for an explicit description. 

Remark. Let v be an infinite real place of F such that G{Fy) ^ SO(p, (7) with 
m = p + q even so that 771 = 2£. Then rjy is trivial if and only if (p — q)/2 is even. 
We are lead to the following dichotomy for real orthogonal groups: if {p — q)/2 is 
odd, SO{p, q) is an inner form of S0(£ —1,^+1) and if {p — q)/2 is even, SO(p, q) 
is an inner form of S0(£, £) (split over M). 

3.4. Global Arthur parameters. In order to extends the classification [61] of the 
discrete automorphic spectrum of GL(A) to the classical groups, Arthur represents 
the discrete automorphic spectrum of GL(iV) by a set of formal tensor products 



where /z is an irreducible, unitary, cuspidal automorphic representation of GL{d) 
and R is an irreducible representation of SL2 (C) of dimension n, for positive integers 




The (complex) dual group of G* is G'^ = Sp(A,C) and ^G = G"" x F^. 
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d and n such that N ~ dn. For any such 4*, we form the induced representation 

ind(M|-|^^"^'\M|-|'("-'\...,/^|-|^(^-"^) 

(normahzed induction from the standard paraboUc subgroup of type (d, . . . , d)). 
We then write 11^ for the unique irreducible quotient of this representation. 

We may more generally associate an automorphic representation li^ of GL{N) 
to a formal sum of formal tensor products: 

(3.4.1) = ^Lim Rim . . .m Rr 

where each pLj is an irreducible, unitary, cuspidal automorphic representation of 
GL(c?i)/F, Rj is an irreducible representation of SL2(C) of dimension rij and N — 
nidi + . . . + rirdr. 

Now consider the outer automorphism: 

d -.x^ J^x'^J = J*x~^J~^ (xeGL(iV)). 

There is an action H^, ^ on the set of representations 11^ . If ^E* is as in p.4.ip , 
set 

*^ = Kl i?i ffl . . . ffl /i^ Kl i?^. 

Then = n^e . 

Arthur's main result |21 Theorem 1.5.2] (see also [71 Theorem 30.2]) then parametrizes 
the discrete automorphic spectrum of G* by formal sum of formal tensor products 
* as in (|3.4.1|) such that: 

(1) the Kl Rj in p.4.1|) arc all distinct, and 

(2) for each j, /^^ Kl R^ = K Rj. 

3.5. Local Arthur parameters. Assume that k = Fy is local and let Wj, be its 

Weil-Dclignc group. We can similarly define packets over k. We define a local 
packet over fc as a formal sum of formal tensor product p.4.ip where each fij is 
now a tempered irreducible representation of GL(dj,fc) that is square integrable 
modulo the centerQ The other components Rj remain irreducible representations 
of SL2(C). To each /Zj Kl Rj we associate the unique irreducible quotient Hi of 

ind(/i,|-|^("^-^\/.,|-|^("^-^\...,M.|-|^('-"^^) 

(normalized induction from the standard parabolic subgroup of type (dj, . . . ,dj)). 
We then define 11* as the induced representation 

ind(ni . . . Ilr) 

(normalized induction from the standard parabolic subgroup of type (riidi, . . . , rirdr))- 
It is irreducible and unitary. Finally, the local parameter consists of those repre- 
sentations such that = Then 11* is theta-stable: 11* o 6 11*. 



Because we do not know that the extension to GL(7V) of Ramanujan's conjecture is vaUd, 
we do not know that the local components of automorphic representations of GL(7V) are indeed 
tempered. So that in principle the fij are not necessarily tempered: their central characters need 
not be unitary. This requires a minor generalization that Arthur addresses in [71 Remark 3 p. 
247] . Anyway the approximation to Ramanujan's conjecture proved by Luo, Rudnick and Sarnak 
1561 is enough for our purposes and it makes notations easier to assume that each /xj is indeed 
tempered. 
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3.6. Local Arthur packets. We now recall how Arthur associates a finite packet 
of representations of G*{k) to a local parameter ^. 

We say that two functions in {G* (k)) arc stably equivalent if they have the 
same stable orbital integrals, see e.g. [52]. Thanks to the recent proofs by Ngo [67] 
of the fundamental lemma and Waldspurger's work [80| . we have a natural notion 
of transfer / from a test fonction / S G^ {GL{N, k)) to a representative 

/"^ of a stable equivalence class of functions in G^ {G* {k)) such that / and f'-^ 
are associated i.e. they have matching stable orbital integrals 0, see [43] for more 
details about twisted transfer. Over Archimedean places existence of transfer is 
due to Shelstad, see [75]; we note that in that case being i^T- finite is preserved by 
transfer. When G* = SO{N, rj) one must moreover ask that /'^ is invariant under 
an outer automorphism a of G* ; we may assume that = 1 . 

Let vj/ be a local parameter as above and IKn^ be the space of nip. We fix an 
intertwining operator Ag : Jt^n^, '^n^ {^e ~ 1) intertwining 11* and 11* o 9. 

When G* = SO{N, ij) we identify the irreducible representations tt of G* (fc) that 
are conjugated by a. Then trace7r(/'^ ) is well defined when /'^ is as explained 
above. 

The following proposition follows from [31 Theorem 2.2.1] (see also [7] Theorem 
30.1]). 

3.7. Proposition. There exists a finite family Yli"^) of representations ofG*{k), 
and some multiplicities m^n) > (vr G IK 4*) ) such that, for associated f and f^ : 

(3.7.1) trace(nvi,(/)Ae) = ^ e(7r)m(7r)trace 7r(/'^*), 

where each e(7r) is a sign G {±1}. 

We remark that p.7.1|) uniquely determines n(^) ^ set of representations- 
with- multiplicities; it also uniquely determines the signs e(7r). In fact Arthur ex- 
plicitely computes these signs for some particular choice of an intertwiner Ag . 

By the local Langlands correspondence, a local parameter ^E* for G*{k) can be 
represented as a homomorphism 

(3.7.2) -.Wl^x SL2(C) ^ ^G. 

Arthur associates to such a parameter the L-parameter ip^, : Wl. — > given by 

^*H = *(^'( |^|-i/2 ))• 

One key property of the local Arthur's packet JK?*) is that it contains all repre- 
sentations of Langlands' L-packet associated to (/S*. This is proved by Arthur, see 
also [SS] Section 6]. 

Ignoring the minor generalization needed to cover the lack of Ramanujan's con- 
jecture, the global part of Arthur's theory (see jH Theorem 1.5.2]) now implies: 

3.8. Proposition. Let tt be an irreducible automorphic representation of G*{A) 
which occurs (discretely) as an irreducible subspace of L'^ {G* {F)\G* (A)) . Then 
there exists a global Arthur parameter ^E* such that if v is any place of F then 



'Here the orbital integrals on the GL(Af)-sidc are twisted orbital integrals. 
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Moreover, there exists a finite set S of places of F containing all Archimedean 
ones such that for all v ^ S, the L-parameter of tTv is 

Remark. Proposition 13.81 in particular implies that the SL2 (C) part of a local 
Arthur parameter has a global meaning. This puts serious limitations on the kind 
of non-tempered representations which can occur discretely: e.g. an automorphic 
representation tt of G*{A) which occurs discretely in L^(G'* (F)\G* (A)) and which 
is non-tempered at one place v is non-tempered at all places. 

The above remark explains how Arthur's theory will be used in our proof. This 
will be made effective through the use of i-functions. 

3.9. Application to L-functions. Let tt be an irreducible automorphic represen- 
tation of G* (A) which occurs (discretely) as an irreducible subspace of L^(G'*(i^)\G*(A)) 
and let 

* = ^ti K i?i ffl . . . ffl ^t^ K i?r 

be its global Arthur parameter (Proposition 13. 8p . We factor each = ^vfj,j,v 
where v runs over all places of F. Let S" be a finite set of places of F containing 
the set S of Proposition 13.81 and all v for which either one or 7r„ is ramified. 
We can then define the formal Euler product 

L-^(s,nvt) = n n ^i'(*^-^^y— • ■ ■Lv{s-■^—^,^J.J,v)■ 
Note that i'^(s,n^) is the partial L-function of a very special automorphic rep- 
resentation of GL(M) with M = X]ie[i r] d{niRi)] it is the product of partial L- 
functions of the square integrable automorphic representations associated to the 
parameters /ij M Rj. According to Jacquet and Shalika [37| L"^(s, Hip), which is a 
product absolutely convergent for Re(s) 3> 0, extends to a meromorphic function 
of s. It moreover follows from Proposition 13.81 and the definition of L^{s,tt) that: 

L^(s,7r) = L^{s,U^). 

Remark. Given an automorphic character 77 we can similarly write L^{s, 77 x tt) as 
a product of L-functions associated to linear groups: replace /ij by 77 fij in the 
above discussion (note that each jij is self-dual). 

We can now relates Arthur's theory to Proposition 12. 71 

3.10. Lemma. Let tt G yi^(G*(fc)) whose global Arthur parameter 5* is a sum 

* = (ffl(p,h)P H i?fc) E 77 H Ra 

where rj is a selfdual (quadratic) automorphic character and for each pair {p,b), 
either b < a or b ^ a and p rj. Then the partial L-function L^ {s, rj x tt) - here S 
is a finite set of places which contains all the Archimedean places and all the places 
where tt ramifies - is holomorphic in the half-plane Rc(s) > {a -\- l)/2 and it has a 
simple pole in s = {a -\- 1)/2. 

Proof. Writing L^ {s, 77 x tt) explicitely on a right half-plane of absolute convergence; 
we get a product of L^'{s — (a — l)/2,r7 x 77) by factors L^{s — {b — l)/2,r] x p). 
Our hypothesis on a forces b < a and ii b = a, p ^ rj. The conclusion of the lemma 
follows. □ 
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3.11. Non quasi-split case. Arthur's theory is fully developped in [3]. In chapter 
9 - still to be added - Arthur will extend his results to G (inner form of G*). 
As these results are still unavailable at the time we are writing, in appendix A 
we provide some indications on how to associate to tt g A'^{G) a global Arthur 
parameter ^E* such that outside a finite set S of places v oi F the L-paramcter of 
7r„ is This is enough to state and prove Proposition 13 .81 and Lemma l3. 101 with 
G* replaced by G. 

3.12. Infinitesimal character. Let 7r„(, be the local Archimedean factor of repre- 
sentation TT e yl^(G) with global Arthur parameter ^ . We may associate to ^ the 
parameter 'y3*„^ : C* G^ C GL(iV, C) given by 

Being semisimple, it is conjugate into the maximal torus 

= {diag(a;i, . . .,xt,x~^^, . . -.x^^)} 

of G^ . We may therefore write <p*„„ = (vit ■ ■ ■ tV^^ v7^^ ■ • ■ ' Vi^) where each rjj is a 
character z 1— > z^'j'^'. One easily checks that the vector 

I/* = (Pi, . . . , Pf) e = Lie(r) ® C 

is uniquely defined modulo the action of the Weyl group W of G(P„q). The following 
proposition is detailed in [9]. 

3.13. Proposition. The infinitesimal character ofiTyg is the image of ly'^ in /W. 

Recall that the infinitesimal character j/ip is said to be regular if the Pj are all 
distinct. 

4. A SURJECTIVITY THEOREM FOR THETA LIFTINGS 

4.1. Notations. Let P be a number field and A be its ring of adcles. Fix tp a 
non-trivial additive character of A/F. Let be a nondegenerate quadratic space 
over F with dim^? V ~ m. We set £ = [to/2] and N — 2£. 

We say that a representation tt S A''{S0{V)) - i.e. an irreducible cuspidal 
automorphic representation of SO(y) - is in the image of the cuspidal V'-theta 
correspondence from a smaller group if there exists a symplectic space X with 
dim AT < N and a lift tt of tt to 0{V) such that tt is the image of a cuspidal 
automorphic form of Mp(A) by the V'-theta correspondence. We note that then 
the restriction of tt to SO{V) is isomorphic to tt. In fact - but we don't need it here 
- the representation tt should be uniquely determined here. At each finite place 
this follows from Kudla-Rallis' theta dichotomy [SO] and there is little doubt that 
this still holds at Archimedean places (see Kashiwara-Vergne [ID] for the case of 
compact places). 

Here we combine propositions 12.71 and 13.81 to prove the following result which is 
the main automorphic ingredient in our work. 

We say that a global representation tt G A''{S0{V)) is highly non-tempered (at 
vo) if its local Arthur parameter vPuq contains a factor rj®Ra where 77 is a quadratic 
character and 3a > to — 1. 
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4.2. Theorem. Let tt G A''{S0{V)). Assume that tt is highly non-tempered (at vq) 
and that tTv^ has a regular infinitesimal character. Then there exists an automor- 
phic quadratic character x such that tt ® x is in the image of the cuspidal tp-theta 
correspondence from a smaller group associated to a symplectic space of dimension 
m — a — 1 . 

Proof Let G = SO{V) and let n e A%0{V)) be a lift of tt. Recall from Remark 
12.61 that the partial L-function L^{s,Tr) = L^{s,tt). 

4.3. Lemma. The global Arthur parameter of tt is a sum 

where rj is a self dual ( quadratic ) automorphic character and each pair (p, b) consists 
of a (selfdual) cuspidal automorphic representation p of some GL{dp) and a positive 
integer b < a such that '^(^p t,) bdp + a — N . 

Proof. The global Arthur parameter of tt is a sum 4* = ffl(p/ Kl Ri,> (without 
multiplicity). The restriction of 4' to the SL2(C) factor is a sum Sidp'Rb' so that 
one of the b' is equal to a. Let (po, a) be one of the {p' , b') such that 6' = a. Then 

dp^a+ dp,b'^N. 

We first note that a, 6 = m — 1 mod 2 as the representations rj (E) Ra and p (E) Rt 
must be orthogonal (resp. symplectic) if the dual group of SO(F) is orthogonal 
(resp. symplectic). In particular a and b are both odd if m is even. The hypothesis 
3a > m — 1 therefore implies that 3a > A'^ so that: either dp^ = 2 or dp^ = 1. 
The first case cannot happen: every &' in the last sum would then be < a and 
the local parameter of po cannot contribute by a quadratic character 77 to "^vo- 
This is in contradiction with the hypothesis that contains a factor rj ® Ra 
where 77 is a quadratic character. We now prove that in the second case there 
is no 6 > a occuring in the second sum. Indeed: suppose by contradiction that 
such a (p, 6) occurs. The hypothesis 3a > m — 1 forces dp = I. According to 
§3.121 (since po is a quadratic character) (po,a) contributes to the infinitesimal 
character of tt^^ by (^y^, • ■ • , O) or (^y^, ■ • ■ , 5) according to the parity of 
a. Now since dp = \ the automorphic representation p is also a quadratic character 
and (p, b) contributes to the infinitesimal character of tt^q by (^^, . . . , O) or 
(^X"' ^T^' • ■ • ' 5) according to the parity of b. Finally since a, 6 = m — 1 mod 2, 
both a and b have the same parity and the infinitesimal character of tTu^ cannot be 
regular in contradiction with our hypothesis. □ 

Remark. The stronger hypothesis a > ^ = N/2 (without any hypothesis on the 
infinitesimal character of tTu^ ) directly implies that 6 < a if (p, b) appears in the 
parameter of tt. 

4.4. Let 77 be the automorphic character given by Lemma l¥751 Then Lemma [3. 101 
implies that for some finite set of places S, the partial L-function L^{s,Tr x 77) is 
holomorphic in the half-plane Re(s) > {a + l)/2 and has a simple pole in s = 
(a -I- l)/2. Adding a finite set of places to S we may assume that this also holds for 
the partial L-function L^{s, tt x 77). 
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Now let p ~ — a — 1) and X be a syniplcctic _F-space with dimX = 2p. 
ProDOsition l2 . 71 implies that there exists an automorphie sign character e of Omi^) 
such that the -i/'^^-theta lifting of (tt ® 77) e to Mp2p(A) does not vanish. 

4.5. Here we prove that tt' B^_i y((7r (81 ??) ® e) is cuspidal. Let ttq be the first 
(non-zero) occurrence of the ■(/'"^-theta lifting of (tt 77) (g) e in the Witt tower of 
the symplectic spaces. By the Rallis theta tower property [53], then ttq is cuspidal. 
Let 2pQ be the dimension of the symplectic space corresponding to ttq. We want 
to prove that pq = p. By the unramified correspondence we know tt^ in all but 
finitely many places v. It correspond to tTu a unique (see e.g. [62j ) Arthur packet 
"ify which contains iTy - the restriction of tt^ to SO{V){Fy). And '^y contains a 
factor rjy ® Ra' with a' = m — 2po — 1. In particular a' > a. As in the proof 
of Lemma 13.101 writing explicitely the partial L-function L^{s,Tr x ry) on a right 
half-plane of absolute convergence, we get a product of L^{s — (a' — l)/2, rj x ?/) 
by factors which are holomorphic in (a' + l)/2. This forces the partial L-function 
L^{s, TT X 77) to have a pole in s ~ (a' + l)/2 and it follows from Lemma [3. 101 that 
a' < a. Finally a ~ a' and pt^ = m — a — 1. 

4.6. The main theorem of [BJ and |351 Theorem 1.2] now apply to the represen- 
tation (tt ® ry) eg) e to show that 

In otherwords: B^j^(7r') = {tt ® rf) ® e. This concludes the proof of Theorem 14.21 
with X = V ® ^- n 

Part 2. Local computations 

5. COHOMOLOGICAL UNITARY REPRESENTATIONS 

5.1. Notations. Let p and q two non-negative integers with p + q = m. In this 
section G = SOo(p, q) and K = SO{p) x SO{q) is a maximal compact subgroup of G. 
We let 00 the real Lie algebra of G and flo = 60 © po be the Cartan decomposition 
associated to the choice of the maximal compact subgroup K. We denote by 9 
the corresponding Cartan involution. If [q is a real Lie algebra we denote by [ its 
complcxification I = Iq (g C. 

5.2. Cohomological (g, _R')-modules. Let (tt, Vt^) be an irreducible unitary (g, K)- 
module and i? be a finite dimensional irreducible representation of G. We say that 
(7r,y^) is cohomological (w.r.t. the local system associated to E) if it has nonzero 
(0, /4:)-cohomology i?*(fl, K; V^r ® E). 

Cohomological (g, A')-modules are classified by Vogan and Zuckerman in [79] : 
Let to be a Cartan subalgebra of {q- A 9-stable parabolic subalgebra q = c{{X) C g 
is associated to an element X Cz Hq. It is defined as the direct sum 

q = I ® u, 

of the centralizer [ of X and the sum u of the positive eigenspaces of ad(Ar). Since 
9X — X, the subspaces q, I and u are all invariant under 9, so 

q = qn«® qnp, 



and so on. 
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The Lie algebra [ is the complexification of [q = ( H flo- Let L be the connected 
subgroup of G with Lie algebra lo- Fix positive system A+([) of the roots of t in [. 
Then A+(0) = A+([) U A(u) is a positive system of the roots of t in g. Now extend 
t to a Cartan subalgcbra f) of g, and choose A'''(g,t)) a positive system of roots 
of f) in such that its restriction to t gives A+(g). Let p be half the sum of the 
roots in A+(f), g) and p(unp) half the sum of the roots in uHp. A one-dimensional 
representation A : [ — >■ C is admissible if it satisfies the following two conditions: 

(1) A is the differential of a unitary character of L, 

(2) if a e A(u), then (a, At) > 0. 

Given q and an admissible A, let /i(q. A) be the representation of K of highest weight 
A|t + 2p(unp). 

The following proposition is due to Vogan and Zuckerman |79[ Theorem 5.3 and 
Proposition 6.1]. 

5.3. Proposition. Assume that A is zero on the orthogonal complement oft in f). 
There exists a unique irreducible unitary (q, K)-module ^q(A) such that: 

(1) j4q(A) contains the K-type /i(q,A). 

(2) (A) has infinitesimal character X + p. 

Vogan and Zuckerman (see [79( Theorem 5.5 and 5.6]) moreover prove: 

5.4. Proposition. Let (tt, T^-) be an irreducible unitary {g, K)-module and E be a 
finite dimensional irreducible representation of G. Suppose i?*(g, A'; (8) i?) 7^ 0. 
Then there is a 9-stable parabolic subalgcbra q = [©u o/g, such that: 

(1) E/uE is a one- dimensional unitary representation of L; write —A : I — >■ C 
for its differential. 

(2) TT ^q(A). Moreover, letting R = dim(u H p), we have: 

H'ig,K;V^(g> E) = iJ— n t, C) 

^ Hom,n((A-^([np),C). 

(3) As a consequence of (2) we have 

(5.4.1) H^{g, K; (g> E) 9^ Hom(n((A°([ n p), C) ^ C 

We can now prove the following proposition. 

5.5. Proposition. The representation /i(q,A) of K has the following properties 

(1) //(q,A) is the only representation of K common to both A^{p) (E) E* and 

Aq(A). 

(2) yu(q, A) occurs with multiplicity one in A^(p) (E) E* . 

(3) //(q, A) occurs with multiplicity one in Aq(A). 

Proof. From [THj, Proposition 5.4(c) we have 

H^{g, K; ® E) ^ HomK(A^(p), Aq(A) ® E). 
But combining this equation with (e) of the proposition above we conclude 
dim HomK(A-"'(p), Aq(A) ® £;) = 1. 



This last equation implies all three statements of the proposition. 



□ 
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Let e(q) be a generator of the line A^(u n p). Then e(q) is the highest weight 
vector of an irreducible representation ^(q) of K contained in A^p (and whose 
highest weight is thus necessarily 2p(u n p)). It follows that ^(q) is the unique 
occurrence of /i(q) in A^(p). We will refer to the special A'-typcs /i(q) as Vogan- 
Zuckerman K -types. Let ^(q, A) denote the Cartan product of V{c\) and E* (this 
means the irreducible subniodule of the tensor product ^(q) ® E* with highest 
weight the sum 2p(u n p) + A). By definition V{c\,\) occurs in A^(u H p) ® i?* 
and hence, by (2) of Proposition 15.51 above it is the unique copy of /i(q,A) in 
A^(u O p) (E) E* . From the discussion immediately above and Propostion 15.51 we 
obtain 

5.6. Corollary. Any nonzero element uj G Hoitik (/\^p <Si E* , Aq{X)) factors through 
the isotypic component V{q,X). 

5.7. We will make geometric use of the isomorphism of Proposition l5.4f 2) . In doing 
so we will need the following lemmas which are essentially due to Venkataramana 

m- 

We let T be the torus of K whose Lie algebra is Hq. The action of T on the 
space p is completely reducible and we have a decomposition 

p = (u n p) e ([ n p) ® (u" n p), 

where the clement X €z t acts by strictly positive (resp. negative) eigenvalues on 
u n p (resp. n p) and by zero eigenvalue on [ n p. Now using the Killing form, 
the inclusion map I H p — > p induces a restriction map p — >■ [ H p and we have the 
following: 

5.8. Lemma. Consider the restriction map B : [A'p]-'" — > [A*([np)]^ and the cup- 
product map A : [A'p]^ A'p given by y t-^ y A e(q). Then the kernels of A and 
B are the same. 

Proof. This is [78l Lemma 1.3]. Note that although it is only stated there for 
Hermitian symmetric spaces, the proof goes through without any modification. □ 

Now consider the restriction map 
(5.8.1) [A'p]^^ [A*([np)]^^^. 

An element c S [A*p]^ defines - by cup- product - a linear map in 

HomK(A*p,A*p) 

that we still denote by c. The following lemma is essentially the same as [78l Lemma 
1.4]. 

5.9. Lemma. Let c E [A*p]^^. Then we have: 

c(F(q)) = ^ c e Kcr ([A*p]^ ^ [A*([ n p)]^"^) . 

Proof. As a /C-module V^(q) is generated by e(q). We therefore deduce from the 
/•C-invariance of c that: 

c{V{q}) =0^cAe(q)==0. 

The second equation is equivalent to the fact that c belongs to the kernel of the 
map B of Lemma [5.81 But B{c) = if and only if c belongs to the kernel of the 
restriction map 

[A'p]^ -> [A*([np)]^^^. 

This concludes the proof. □ 
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5.10. Ill the notation of [13], we may choose a KiUing-orthogonal basis Si of ()* 
such that the positive roots are those roots ei ± ej with 1 < i < j < £ a,s well as the 
roots Si {1 < i < £) if m is odd. The finite dimensional irreducible representations 
of G are parametrized by a highest weight A — (Ai, . . . , A^) = Ai^i + . . . + Xgee such 
that A is dominant (i.e. Ai > . . . > Xe-i > lA^I and A^ > if m is odd) and integral 
(i.e. every Xi & I,). 

In the applications we will mainly be interested in the following examples. 

Examples. 1. The group G ~ S0o(?^, 1) and A = 0. Then for each integer q = 
0, . . . ,£—1 the if-representation A'p is just A'^C" with K = SO(n); it is irreducible 
and we denote it Tg. In addition, if n = 2£, A^p decomposes as a sum of two 
irreducible representations and . From this we get that for each integer 
q = 0, 1 there exists exactly one irreducible (g, i<r)-module {T^q,Vq) such 

that H''{g, K;Vq) ^ 0. In addition, if n = 2£, there exists two irreducible {%,K)- 
module {-k^ ,Vq) such that U\^, K; V^) ^ 0. Moreover: 

if fc 7^ (/, n — g, 
<C if k = q or n — q 



H''iB,K;Vq) 
and, if n = 2£, 



Oifk^£, 
Cifk = £. 



The Levi subgroup L C G associated to (tt^, Vq) {q = Q, . . . , £ — 1) is L = G x 
SOo(n - 2g, 1) where G C K. 

2. The group G — SOo(n, 1) and A = (1, 0, . . . , 0) is the highest weight of its 
standard representation in C" . Then there exists a unique {g, K)-modn\e {tt^V^) 
such that H^{q, K; 14 'S' C™) 7^ 0. The Levi subgroup L C G associated to (tt, T4) 
is L = C X SOo(n - 2, 1) where G C K 

3. The group G = S0o(n,2) and A = 0. Then K = SO{n) x S0(2) and 
p = C" (g) (C^)* where C" (resp. C^) is the standard representation of SO(n) 
(resp. S0(2)). We denote by C"*" and C~ the C-span of the vectors ei + ie2 
and ei — ie2 in C^. The two lines C+ and are left stable by SO (2). This 
yields a decomposition p = p"*" © p~ which corresponds to the decomposition given 
by the natural complex structure on pp. For each non-negative integer q the K- 
representation A'^p = A'(p+ ® p~) decomposes as the sum: 

A«p= A"p+®A''p-. 

a-\-b—q 

The ^-representations A^p"^ (E) A^p~ are not irreducible in general: there is at least 
a further splitting given by the Lefschetz decomposition: 

nun{a,b) 

A"p+®A^P"= Ta-k,b-k- 
k=0 

One can check that for 2{a + b) < n each A'- representation ra,6 is irreducible. 
Moreover: only those with a = b can occur as a AT-type of a cohomological module. 
For each non-negative integer r such that 4r < n there thus exists exactly one 
cohomological module Ar.r such that: 

' C if g = 2r + 2/c (0 < fc < ?i - 2r), 
otherwise. 



Hiig,K;Ar,r) 
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Moreover: H^^{q, K; Ar.r) = H^-^{g, K; Ar.r)- The Levi subgroup L C G associated 
to Ar,r (4r < 7i) is L = C X S0o(7i - 2r, 2) where C d K. See e.g. [32l §1.5] for 
more details. 

5.11. We now consider the general case G = SOo{p,q) = SOo(F), where F is a 
real quadratic space of dimension m and signature (p, q) two non-negative integers 
with p + q = m. We denote by (, ) the non-degenerate quadratic form on V and 
let Va, a = 1, . . . ,p, Vf_i, fj. = p + I, . . . ,q, be an orthogonal basis of V such that 
{va,Va) = 1 and (w^,?;^) = —1. We denote by V+ (resp. V-) is the span of 
{va ■ 1 < a < p} (resp. {Vfi : p + 1 < fJ. < to}). As a representation of 
SO(p) X SO(g) = SO(y+) X SO(y_), the space p is isomorphic to V+ (g) {V-)*. 

First recall that, as a GL(V+) x GL(y_)-modulc, we have (see [241 Equation 
(19), p. 121]): 

(5.11.1) A^^ {V+ <E,V1)^^ S^{V+) <E> V C^"-)*- 

Here S^{-) denotes the Schur functor (see [25]), wc sum over all partition of R 
(equivalcntly Young diagram of size = R) and fi* is the conjugate partition (or 
transposed Young diagram). 

We will see that as far as we are concerned with special cycles, we only have 
to consider the decomposition of the submodule A-'^{V+ (g) V*)^^^'^-\ Then each 
Young diagram ^ which occurs in ()5.11.ip is of type ^ = (q, . . . ,q). 

Following [25l p. 296], we may define the harmonic Schur functor S'[^](V+) 
as the image of 5'^(V+) by the SO(V+)-equivariant projection of V"^^ onto the 
harmonic tensors. The representation S\^^](V^) is irreducible with highest weight ^. 
From now on we suppose that fj, has at most ^ (positive) parts. Then Littlewood 
gave a formula for the decomposition of Sf^{V^) as a representation of SO(y-|_) by 
restriction (see jUl Eq. (25.37), p. 427]): 

5.12. Proposition. The multiplicity of the finite dimensional SO (V^) -representation 
S[^]{V+) in S^{V+) equals 

dim HomGL(n ) (^m iV+), S.iV+) (g, S^{V+)), 

where the sum is over all nonnegative integer partitions ^ with rows of even length. 

5.12.1. The Eulerform. It is weh known (see e.g. [SI Theorem 5.3.3]) that [Sym'?(l/+)]S°(^+) 
is trivial if q is odd and 1-dimensional generated by 

(5.12.1) X] 

where 9 = "^a ® Va and 

0q = (g ■ ■ ■ (g 0^ = Va^ (g Va^ (g) . . . (g (g Vat, 

£ ai,...,ai 

a q = 2£ is even. Note that 

A«(F+ ® ■i/_*)SO(y+)xSL(y_) ^ [Syni«(14)]SO(i^+) ® A«(l/_)*. 

It is therefore trivial if q is odd and 1-dimensional if q is even. Using the iso- 
morphism of (|5.12.ip we obtain a generator of [A'p]^*-''^^+''^^'^'-^-^ as the image of 
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^^gg a ■ 6q under the above isomorphism. The associated invariant g-form on D 
is called the Euler form Cg. The Eulcr form is zero if q is odd and for q ~ 2£ is 
expressible in terms of the curvature two-forms il^j.i^ = SQ=i(^a ® ^z^) ^ (^'a ® ^i^) 
by the formula 

(5.12.2) = ^ sgn((T)0p+^(i)^p+<^(2) A ... A ^p+a(2e^i),p+cr{2i) € A«p. 

As in the above example it more generally follows from [31] Theorem 5.3.3] that 
we have: 

5.13. Proposition. The subspace [A*p]^^(^+)^^'"(^-) is the subring of A*p gener- 
ated by the Euler class eg. 

Remark. Proposition 15 . 1 3l implies that 

J^rigpjSO(V+)xSL(V_) ^ C • 6^. 

It is consistent with Proposition 15 . 1 21 since one obviously have: 

5:dimHomGL(^^)(5„x,(V^+),5,(F+)) = | ; '^l^l^^^ ■ 

5.14. Let Vr C A'''p (0 < r < p/2) denote the realization of the irreducible if -type 
fir isomorphic to 

^[,.x,](^^+) ® {A'^V.y C A'-«(K, (SVl). 

Remark. The A'-type fir is the Vogan-Zuckerman if-type fi{c{r) where qr is any 
6'-stable parabolic subalgebra with corresponding Levi subgroup L = C x SOq {p — 
2r, q) with C <Z K . In particular we may as well the maximal one where L = 
U(r) X SO(p — 2r, g), see ^7.191 where fir is analysed in details. 

Wedging with the Euler class defines a linear map in 

Homso(y+)xSL(y-)(A*p,A*p). 

We still denote by Cg the linear map. Note that under the restriction map ()5.8.ip 
to [ n p the Euler class Cg restricts to the Euler class in A''([ n p). It then follows 
from Lemma [5.91 that if q is even e^(l^) is a non-trivial ii^-type in A'''""'"'^-'''p if and 
only if A: < p — 2r. This leads to the following: 

5.15. Proposition. The irreducible K-types /i^ are the only Vogan-Zuckerman K- 
types that occur in the subring 

[A-p]SL(v-) ^ ®i^,s,,^g[v+) ® {^^v^r■ 

Moreover: 

C • e"^*" if n = r, . . . ,p — r 



Homso(i.+ )xSO(y_) {Vr, [A"«p]SL(^-)) = • 



otherwise. 



Proof. Cohomological representations of G = SOo(p, q), or equivalently their lowest 
if-types ^(q), are parametrized in [51 §2.2] by certain types of Young diagram i/ so 
that 

/i(q)-5M(l^+)® Vl(^-)*- 
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Here we are only concerned with A'-types which have trivial SO(V^-)-representation. 
Therefore v ~ r x q for some integer r. This proves the first assertion of the 
proposition. 

We now consider the decomposition of 

into irrcduciblcs. By (Poincarc) duality it is enough to consider S'„xg(V+)(8)(A'y_)" 
with 77 < p/2. It then follows from Proposition 15.121 that the multiplicity of 

S[ry^q\{V+) in Sn-Kq{V+) cquals 

^ dim HomGL(y+) (5'„ y,q{y+), Sr-^q(V+) ® S^{y+)), 

where the sum is over all nonnegative integer partitions ^ with rows of even length. 
Each term of the sum above is a Littlewood-Richardson coefficient. The Littlewood- 
Richardson rule states that dimHomQL(y^)(S'„xg(V+), S'rxg(V+) ® 5j(V+)) equals 
the number of Littlewood-Richardson tableaux of shape {nxq)/{rxq) = {n — r)xq 
and of weight ^, see e.g. [23]. The point is that the shape {nx q)/{r x q) is an ri — r 
by q rectangle and it is immediate that there is only one semistandard filling of an 
77 by (7 rectangle that satifies the reverse lattice word condition, see [24], §5.2, page 
63, (the first row must be filled with ones, the second with twos etc.). We conclude 
that 

dim HomGL(y_^) (S*,, ^q{V+), Srxq{V+) ® S^{V+)) 

= dim HomGL(y+ ){S{„-r)xq{y+), S^{V+)). 

The multiplicity of S[rxq]iy+) in SnxqiV+) therefore equals is g is odd and 1 if g 
is even. Since in the last case 

e^-'-(y,) - S[rxq]{V+) ® (A«y_)" C [A"«y+ ® v::^]SL(v_) ^ SnxqiV+) ® (A«y_)", 
this concludes the proof. □ 



Remark. Proposition 15. 151 implies the decomposition (|1.12.ip of the Introduction. 

We conclude the section by showing that the Vogan-Zuckcrman types /i^ are the 
only /•sT-types to give small degree cohomology. 

5.16. Proposition. Consider a cohomological module Aq{X). Suppose that R = 
dim(u n p) is strictly less than both p + q — 3 and pq/4:. Then: either L = C x 
SOo(p — 2n, q) with C C K and R — nq or L — C x SOo(p, q — 2n) with C C K 
and R = rip. 

Proof. Suppose by contradiction that L contains as a direct factor the group SOo (p— 
2a, q ~ 2b) for some positive a and b. Then R > ab + b{p — 2a) + a{q — 2b). And 
writing: 

ab + b{p - 2a) + a{q - 2b) - {p + q - 3) 

= (a - 1)(6 - 1) + (5 - l)(p - 2a - 1) + (a - l)(g - 26 - 1) 

we conclude that R > p + q — 3 except perhaps if p = 2a or q = 2b. But in that 
last case R> pq/4:. □ 
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6. COHOMOLOGICAL ARTHUR PACKETS 

For archimedcan v, local Arthur packets Il(^) should coincide with the pack- 
ets constructed by Adams, Barbasch and Vogan [T]. Unfortunately this is still 
unproved. We may nevertheless build upon their results to obtain a conjectural 
description of all the real Arthur packets which contain a cohomological represen- 
tation. 

6.1. Notations. Let p and q two non-negative integers with p + q ^ m. We set 
£ = [to/2] and N ~ 2£. In this section G = SO{p,q), K is a. maximal compact 
subgroup of G and Kq = SO{p) x SO{q). We let go the real Lie algebra of G and 
00 = ^0 © Po be the Cartan decomposition associated to the choice of the maximal 
compact subgroup K. We denote by 9 the corresponding Cartan involution. If [g 
is a real Lie algebra we denote by [ its complexification I = Iq 

We finally let Wr be the Weil group of M 

6.2. The Adams-Johnson packets. Let [ D g be the Levi component of a 9- 
stable parabolic subalgebra q of g. Then [ is defined over M and we let L be the 
corresponding connected subgroup of G. Let T C G be a ^-stable Cartan subgroup 
of G such that T n L is a Cartan subgroup of L. We fix A : I — >■ C an admissible 
one-dimensional representation that is zero on the orthogonal complement of t n I 
in i. We will identify A with its highest weight in t* that is its restriction to t. 

Adams and Johnson have studied the particular family - to be called Adams- 
Johnson parameters - of local Arthur parameters 

^' : VFr X SL2(C) ^ ^G 

such that 

(1) * factors through ^L, that is : x SL2(C) ^ ^G where the 
last map is the canonical extension |731 Proposition 1.3.5] of the injection 

C G^, and 

(2) ip'jt,^ is the L-parameter of a unitary character of L whose differential is A. 

The restriction of the parameter to SL2(C) therefore maps ( o } ) to a principal 
unipotent element in C G^. 

6.3. The packet JIajI^) constructed by Adams and Johnson takes the following 
form. Let W{q, t)^ (resp. W{1, t)^) be those elements of the Weyl group of g which 
commute with 6. And let W{G, T) be the real Weyl group of G. The representation 
in nAj('^) parametrized by the double cosets 

S = W{{, if\W{Q,if/W{G,T). 

For any w G S, the Lie subalgebra = wluu'-^ is still defined over R, and is the 
Levi subalgebra of the 0-stable parabolic subalgebra q^, = wqw~^. Let Lyj c G 
be the corresponding connected group. The representations in OajC^) 
irreducible unitary representations of G whose underlying (g, iCo)-iTiodules arc the 
Vogan- Zuckerman modules Aq^(wA). 

We call Adams-Johnson packets the packets associated to Adams- Johnson pa- 
rameters as above. 

The following folklore conjecture does not seem to follow from any published 
work. 
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6.4. Conjecture. (1) For any Adams-Johnson parameter '5 one has Yii^) = 

In otherwords, the Arthur packet associated to 5* coincides with 
the Adams- Johnson packet associated to . 
(2) The only Arthur packets that contain a cohomological representation of G 
are Adams- Johnson packets. 

Remark. Adams- Johnson packets are a special case of the packets define in [1] . In 
otherwords: calling ABV packets the packets defined in [1], any Adams- Johnson 
packet is an ABV packet defined by a parameter of a particular form. According 
to J. Adams (private communication) part 2 of Conjecture with "ABV packets" 
in place of "Arthur packets" is certainly true. It would therefore be enough to prove 
the natural extension of part 1 of Coniecture l6.4l to any ABV packet. In chapter 26 
of [1], Adams, Barbasch and Vogan prove that ABV packets are compatible with 
endoscopic lifting^ Part 1 of Conjecture 16.41 amounts to a similar statement for 
twisted endoscopy. This seems still open but is perhaps not out of reach. 

6.5. We now give a more precise description of the possible Adams- Johnson pa- 
rameters: The Levi subgroups L corresponding to a 0-stable parabolic subalgebra 
of g are of the forms 

(6.5.1) \J{pi,qi) X ... X \J{pr, Qr) X SO(po, ^o) 

with po + 2 J2j P] = P and go + 2 Qj = Q- We let mj = pj + qj (j = 0, . . . , r). 
Then mg = Po + Qo has the same parity as m; we set £o = [mo/2] and A'o = 2^o- 
Here and after we assume that po'Zo 7^ 0. The parameter 4'/^ corresponding to 
such an L maps ( J } ) to a principal unipotent element in each factor of C . 
The parameter therefore contains a SL2(C) factor of the maximal dimension 
in each factor of . These factors consist of GL(mj), j — 1, . . . ,r, and the group 
= SO{No,C) or Sp(iVo,C) (according to the parity of m). In any case the 
biggest possible SL2(C) representation is i?mo-i0 We conclude that the restriction 
of ^ to C* X SL2(C) decomposes as: 

(6.5.2) (^ii (g) Rm, ® A^r^ ® -RmJ ® ...®{flr® Rm, © -^mj © *0 

where the fXj are unitary characters of Wr and 

(6.5.3) *o = (^®^™o-i , ^ if mo is odd, 

1^ X ^ -Rmo-i © X ® ^1 if mo IS even. 

Here x and x' are quadratic characters of M^r. 

6.6. Now consider a cohomological representation tt of G. Its underlying (g, A'o)- 
module is a Vogan- Zuckerman module Aq(A). It follows from their construction 
that we may choose q so that the group L has no compact (non-abelian) simple 
factors; in that case q and the unitary character of L whose differential is A are 
uniquely determined up to conjugation by Kq. The group L is therefore as in (|6.5.ip 
with either pjQj ^ or {pj,q,j) = (1, 0) or (0, 1). So that: 

V ^ GL{lY X GL{mi) x . . . x GL(mt) x G)^^ 

where each rrij, j = 1, . . . , i, is > 1, r = s -I- t and mt+i = . . . = rur = 1. We let ^ 
be the Adams- Johnson parameter associated to L as in the preceeding paragraph. 



^In particular, it would be enough to check Conjecture 16.41 only for quasi-split groups. 
^Note that Ra is symplectic if a is even and orthogonal if a is odd. 
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6.7. Lemma. (1) The cohomological representation tt belongs to JIajI^) '^'^'^ 

its L-parameter is ipqi. 
(2) If n IE riA7(^') f'^^ some Adams- Johns on parameter ^f' . Then 5*' contains 

(mi ® i?mi ® «) Rm,) ® . . . e (Mt ® i?mt ® Mt"^ ® i?mj ® *0 

as a direct factor. 

Proof. 1. The representation tt belongs to nAi(^) definition of the Adams- 
Johnson packets. The Langlands parametrization of Vogan-Zuckerman modules is 
given by [79l Theorem 6.16]. In the case of unitary groups this is detailed in [10] 
where the parametrization is moreover related to Arthur parameters. Everything 
works similarly for orthogonal groups and we get that the L-parameter of tt is tp^ir . 

2. If TT G nAi(^') ^'-'^ some Adams- Johnson parameter ^' we let L' be the Levi 
subgroup attached to the parameter ^E"'. The underlying (g, iro)-iiiodule of tt is 
isomorphic to some Vogan-Zuckerman module associated to a 0-stable parabolic 
algebra whose associated Levi subgroup is L'^ for some w G S. It first follows 
from the Vogan-Zuckerman construction that L and L'^ can only differ by compact 
factors. But it follows from [2l Lemma 2.5] that all the L'^ {w e S) are inner forms 
of each other so that the dual group of L'^ may be identified to L'"^ which therefore 
contains GL(mi) x . . . x GL(TOt) x as direct factor. And Lemma [6.71 follows 
from fJSH " □ 

In particular Lemma 16.71 implies that if tt is a cohomological representation of 
SO(p, q) associated to a Levi subgroup L = SO{p — 2r, q) x U(l)'' with p > 2r and 
m — 1 > 3r. Then if tt is contained in a (local) Adams- Johnson packet nAj(^)' 
the (local) parameter contains a factor 77 (g) Ra where 77 is a quadratic character 
and 3a > m — 1. Theorem 14.21 therefore implies the following: 

6.8. Proposition. Assume Conjecture \6.4\ Let tt G A'^{S0{V)) and let v be an infi- 
nite place of F such that SO{V){F-u) = SO(p, q). Assume that tTu is a cohomological 
representation of SO{p, q) associated to a Levi subgroup L — SO{p — 2r, q) x U(l)'' 
with p > 2r and m — 1 > Sr. Then: there exists an automorphic character x such 
that TT (g) X is m the image of the cuspidal ip-theta correspondence from a smaller 
group associated to a symplectic space of dimension 2r. 

Unfortunately Conjecture 16.41 seems to be open. Instead we prove the weaker 
(but unconditional) following result. 

6.9. Proposition. Let tt be a cohomological representation of SO{p, q) associated 
to a Levi subgroup L = SO(p — 2r,q) x U(l)''. Then if tt is contained in a (local) 
Arthur packet Y\{^), the (local) parameter 5* contains a SL2(C) factor Ra with 
a > TO — 2r — 1. 

Since the reader may want to believe Conjecture 16.41 we postpone the proof of 
Proposition 16 . 91 to Appendix B (see Proposition 1 1 7 . 41 and the remark following it). 
It relies on the theory of exponents. Note that we have only defined local Arthur 
packets when G is quasi-split. In the general case we nevertheless explain - in 
Appendix A - how to associate to a global representation tt G A'^{S0{V)) a global 
Arthur parameter ^ such that outside a finite set of places u of F the L-parameter 
of TTy is (p^^,. Proposition 16.91 should then be understood as: 

If Vq is an infinite place of F such that SO{y){Fyg) = SO{p,q) and 7r„j, is a 
cohomological representation ofSO{p,q) associated to a Levi subgroup L ~ SO{p — 
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2r, q) X U(l)''. Then the associated Arthur parameter \l/ contains a SL2(C) factor 
Ra with a > m — 2r — 1 . 

In particular we get the following global corollary (notations arc as in ^^iH see 
in particular Remark 14.3^ : 

6.10. Corollary. Consider a global representation n £ A'^{SO{V)) and let vo be 
an infinite place of F such that SO{V){Fyg) = SO(p, g). Assume that tt^^ is a 
cohomological representation o/SO(p,g) associated to a Levi subgroup L = SO{p — 
2r,q) X U(l)'' with to — 2r— 1 > £ ~ [m/2\. Then tt is highly non-tempered (at vq). 

As we will explain later in Remark I7.40[ a cohomological representation as in 
Corollary 16.101 does not occur in Howe's theta correspondence from a symplectic 
group smaller than Sp2r- conjonction with Theorcm l4.21 Corollarv l6.10l therefore 
implies that there exists an automorphic character x such that tt (8) x m the 
image of the cuspidal tjj-theta correspondence from a smaller group associated to a 
symplectic space of dimension 2r. 

6.11. Remark. We believe that the hypothesis to — 1 > 3r in Proposition 16.81 is 
optimal. This is indeed the case if p = 3, q = 1 and ?' = 1, sec Proposition 1 1 5 . l"4l 

We now provide support for the above remark. 

6.12. In the remaining part of this section we assume that Conjecture 16.41 - which 
relates the Adams- Johnson's pakets and the Arthur's packet containing at least 
one cohomological representations - holds. In case m is odd we moreover assume 
that the representations of the mctaplcctic groups are classified with Arthur's like 
parameters (see below). Assuming that we will prove: 

If ir > m — \ there exists cohomological cuspidal representations which are not in 
the image of the 9 correspondence from Mp(2r) or Sp(2r) even up to a twist by an 
automorphic character. 

6.13. We first assume that to = TV + 1 is odd. 

A particular case of Arthur's work is the classification of square integrable rep- 
resentation of SL(2,i^) using GL(3,F); this can be also covered by the known 
Gelbart- Jacquet corrcspondancc between GL(2) and GL(3). We therefore take it 
for granted. 

We denote by F2 the localization of the field F at the places of residual charac- 
teristic 2. 

Let T2 be a cuspidal irreducible representation of GL(3, F2) autodual which comes 
from a representation of SL(2, F2) or, in other terms, whose L-parameter factorizes 
through S0(3,C). We denote by f2 the corresponding representation of SL(2,F2). 
We fix f a cuspidal irreducible representation of SL(2, F) whose F2 component is 
f2 and which is a discrete series at the archimedean places. We go back to GL(3, F) 
denoting by r the automorphic representation corresponding to f; because of the 
condition on the .Pj-componcnt r is necessarily cuspidal. 

For each i G {1, . . . , 3?' — m+ 1}, we also fix a cuspidal irreducible representation 
Pi of GL(2, F). Wc assume that each pi is of symplectic type, i.e. its local parameter 
is symplectic. In other words each pi is coming - by the Langlands- Arthur functori- 
ality - from SO (3, F), equivalently L{s,pi, Sym^) has a pole at s = 1. We moreover 
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assume that at each archnTiedean place w|oo, each representation pi^y belongs to the 
discrete series. We consider the Arthur parameter 

(6.13.1) * = (ffl£7'"+V. ^Ri)StM Rrn-l-2r- 

This is the Arthur parameter of a packet of representations of G = SO(y). 

6.14. We now look more precisely at ^ at an archimcdcan place 7j|oo. As a mor- 
phism of W-R X SL2(C) in Sp(Af, C) it is the sum: 

= (ffl3^7"+Vp,„ ^ ^l) ffl 0f„ K i?m-2r-l ffl 1 ^ Rm-2r-l, 

where for i = l,...,3r — m + 1, (j)p- ^ is the Langlands parameter of the discrete 
series pi^y and is the Langlands parameter of fy . All such local parameters may 
be obtained by the above construction. By a suitable choice of data we can there- 
fore assume that ^'^ coincides with an Adams- Johnson parameter. In particular 
the representations attached to it are all cohomological for some fixed system of 
coefficients. Let A„ be the corresponding highest weight. 

We may moreover assume the Adams- Johnson parameter is associated to the 
Levi subgroup L = SO(m) if v ^ vq and L = \j(i)3r-m+i ^ i}(^rn-2r-l) x SO{p- 
2r, q) a V ~ uo0 We also ask that Xy ~ if v ^ vq, and fix At, = A if = vq. It 
follows from (the proof of) Lemma[6?7|2) that the trivial representation 7r„ of G{Fy) 
is contained in riAj('^'j) if ^ ''^'o and that the cohomological representation iTy^ 
of G{Fyg) = SO(p, (?) whose underlying (g, i<'o)-inodule is the Vogan-Zuckerman 
module j4q(A), with q a 6'-stable parabolic subalgebra with real Levi component 
isomorphic to U(l)'' x SO(p — 2r, g), is contained in nAj(*''o)- We fix these local 
components tTi,. 

6.15. The multiplicity formula to construct a global square intcgrable representa- 
tion of G = SO(T^) from the local components is still the subject of work in progress 
of Arthur; but we can anticipate that wc have enough freedom at the finite places 
to construct a square intcgrable representation tt in the global Arthur's packet and 
with local component at the archimedean places, the component wc have fixed. 

We want to show that the representation tt is certainly not obtained via theta 
correspondence from a cuspidal representation of a metaplectic group Mp(27i) with 
2n < 2r. To do that we continue to anticipate some results: Here we anticipate that 
the square intcgrable representations of the metaplectic group can also he classified 
as those of the symplectic group but using Sp(2n, C) as dual group; after work by 
Adams. Adams-Barbash, Rcnard, Howard this is work in progress by Wen Wei Li. 

To prove that tt is not a theta lift we can now argue by contradiction: Let a be 
a cuspidal irreducible representation of Mp(2n) (with 2n < 2r < p) such that tt is 
a theta lift of a. Write S'^^^ai Kl i?„. the Arthur like parameter attached to a. To 
simplify matter assume that V is an orthogonal form of discriminant 1 at each place 
(otherwise we would have to twist by the quadratic character which corresponds 
by class field theory to this discriminant). Consider the parameter: 

(6.15.1) ®,e[i,,](T, Si?„, ffil^i? 

Here we use the fact that m— 1 — 2n>m— 1 — 2r>p~2r> 1. 

The local theta correspondence is known at each place where a and tt are both 
unramified, see |60| . This implies that at every unramified place iTy is necessarily 



%ecall that G(F„q) = SO(p, g) and that G(F„) = SO(m) is v ^ vq. 
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the unramified representation in the local Arthur packet associated to the param- 
eter (|6.15.ip . But by definition, ttv is also in the local packet associate to (|6.13.ip : 
this implies that (|6.13.ip and (|6.15.ip define automorphic (isobaric) representations 
of GL(2ri) which arc isomorphic almost everywhere. These automorphic represen- 
tation are therefore isomorphic and (|6.13.ip must coincide with (|6.15.ip . This is 
in contradiction with the fact that there is no factor i] M Rm-i-2n ^ for some 
automorphic quadratic character 77 of GL(1) - in ()6.13.1|) . 

6.16. We now assume that m = N is even. We moreover assume that p — 2r > 1. 

We then do the same: First construct t as above. For each i S {1, . . . , 3r— jti+I} 
we fix a cuspidal irreducible representation of GL(2, F) of orthogonal type this 
means that L{s, pi, A'^) has a pole at s = 1; we can impose any discrete series at 
the archimedean places we want. The Arthur parameter we look at is now: 

(6.16.1) ffl,£T'"+^ p.MRimrM Rm-i~-2r H ?7 K 

where 77 is a suitable automorphic quadratic character of GL(1) is such a way that 
this parameter is relevant for the quasisplit form of SO(V'), see [3]. 

Now we argue as above to construct a global representation tt of SO(y) in this 
packet which is as we want at the archimedean places. We construct (|6.15.1|) as 
above and here we have not to anticipate more results than those announced by 
Arthur. But to conclude we have to make sure that m — 1 — 2n > 1 because there 
is a factor 77 H i?i in (|6.16.ip . Nevertheless: as we have hypothesised that 

771— 1 — 2r7>r7i— 1 — 2r>p — 2r> 1, 

we obtain a contradiction which proves that tt is not a 0-lift of a cuspidal represen- 
tation of Sp(2ri) with n < r. 

7. The classes of Kudla-Millson and Funke-Millson 

In this section we will introduce the {so{p, g), ii')-cohomology classes (with K = 
SO(p) X SO(g)) of Kudla-Millson and Funke-Millson, find exphcit values for these 
classes on the highest weight vectors of the Vogan-Zuckerman special K-types 
V{n, A), see Proposition [7211 and Proposition l7.26l and from those values and a re- 
sult of Howe deduce the key result that the translates of the above classes under the 
universal enveloping algebra of the symplectic group span Hom^ (V(77, A), ^(1^")) 
where y{V") is the polynomial Fock space, see Theorem 17.321 Our computations 
will give an new derivation of some of the formulas in |40j . 

7.1. Notations. Let F be a real quadratic space of dimension ?7i and signature 
{p,q) two non-negative integers with p + q = m. Set G = SOo(T^) and let K be 
a maximal compact subgroup. We write §(\^") for the space of (complex-valued) 
Schwartz functions on V". Let Mp2„(R) denote the metaplectic double cover of 
Sp2„(M) if m is odd or simply Sp2„(M) if m is even. We recah that Mp2„(K) acts 
in the Schwartz space §{V'^) via the oscillator representation lj — ut^ associated to 
the additive character ip : x t-^ cxp{2iTrx) of M. Let K' C Mp2„(M) be the inverse 
image of the maximal compact subgroup 

(7.1.1) |(^ a + zbeV{n)^ 
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of Sp2„(M). When m is odd we let (det)2 denote a character of K' whose square 
descends to the determinant character of U(n). We let C™ the corresponding one- 
dimensional representation of K' . 

As in the prececding section we let g be the complexified Lie algebra of G and 
g = p ® J its Cartan decomposition, where Lic{K) (E) C ^ t. We let g' be the 
complexified Lie algebra of Sp2„ (M) . 

7.2. Three consequences of our assumption relating n and m. We will begin 
by noting three consequences of our basic assumption 

, m — 1 , 



2n < 



2 ' 

that will be important to us in what follows. 

7.3. Lemma. Let mo = [^1 = rank(G) and po ~ [|] ~ rank(SO(V+)). Then we 
have 

(1) If m = p + q is even then n < rank(G) — 1. 

(2) If m ~ p + q is odd then n < rank(G). 

(3) n < rank(SO(V+)). 

Proof. We have for m = 2 mo 

1 2mo - 1 mo - 1 
n<-[^— ] = ^— <mo-l 

and also for for m = 2mo + 1 

1 , 2mo + 1 — 1 , mo 
n<^J 2 ]^ — <mo. 

Finally we have 

lp + q-l l2p-l p I p 

n < < = < -. 

2 2 -22 242 



□ 



As we will explain in Subsection l7.30[ item (3) will imply we are in the first family 
for the two families of formulas in [iD] concerning the action of GL(n, C) x 0(V1|_) 
on the (pluri) harmonic polynomials on V^. In what follows we will refer to the 
formulas in this first family as belonging to "Case (1)" of [40) . 

7.4. The Fock model. In what follows we will use the Fock model of the oscil- 
lator representation. We let be a real vector space of dimension 2n equipped 
with a non-degenerate skew symmetric form (,) such that Sp2„(IR.) = Sp(iy). Fix 
a positive definite complex structure J on M^. Let {xi, . . . , t/i, . . . , y„} be a 
symplectic basis for W such that 

Jxi — Hi and Jyi = ~Xi for \ < i < n. 

We may decompose W according to 

W ®€ = W' + W" 

where W (resp. W") is the +i (resp. — i)-eigenspace of J. We define complex 
bases {w'^ . . . , w^} and {w'l, . . . , w'^} for W and W" respectively by 

w'j — Xj — iyj and w'J = xj + iyj for 1 < j < n. 

The following will be important in the rest of the paper. We leave the proof to 
the reader. 
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7.5. Lemma. The subgroup V{n) o/Sp2„(M) embedded according to equation (|7.1.ip 
acts on W" by the standard representation and on W' by the dual of the standard 
representation. 

We finally denote by (, ) the non-degenerate quadratic form on V . By a slight 
abuse of notations we will also denote by (, ) the non-degenerate skew-symmetric 
form (,)(»(,) onV ®W. 

Now let Vai a = 1, . . . w^, /i = p + 1, . . . , g, be an orthogonal basis of V such 
that {vcnVa) = 1 and (u^,w^) = —1. We denote by V+ (resp. V-) the span of 
{va ■ 1 < < p} (resp. {Vf^ : p + 1 < /i < m}). 

The (sp2,„„, U,„„))-module associated to the oscillator representation is made 
explicit in the Fock realization, see [36|- Using it, one sees that the space of U„in- 
finite vectors is the symmetric algebra Sym(V+ (g) W" + V- W). We introduce 
linear functionals 

{zaj, : 1 < a <p, p+l<M<TO, I < j <n} 

on V+(E}W' + V-(E) W" by the formulas 

Za,j{v (g) ui) = (w (X) w, Wq (X) w"), I < a < p, I < j < n, 

Zfj.,j {v (E) w) = {v ® w,v^ ® Wj) , p + 1 < /i < m, I < j < n. 
Hence we have 

P P+<! 
a— 1 /^— p+1 

We use these coordinates to identify the space Sym{V+ (8) W" + V-® W) (which 
we identify with the space of polynomial functions on V+ (X) W + V-(^ W" using 
the symplectic form onV® W) with the space CP = CP(C™") of polynomials in mn 
variables zij, . . . , z^.j {j ~ 1, • • • , n). We will use CP+ to denote the polynomials 
in the "positive" variables Za.j, I < a < p,l < j < n. We will use the symbol T^^^ 
to denote the subspacc of polynomials of degree £ and similarly for IPy . It will be 
important to record the structure of J'(C'"") as a K' x A'-module. By Lemma [7751 
we know that the action of GL{n, C) on W" is equivalent to the standard one. We 
will accordingly identify C" with W" (and (C")* with W') as modules for GL(n, C). 
We can then replace W" with C" and W' by (C")* (since we are only concerned 
here with the GL(n, C)-modulc structure of W' and W"). We will use ei, • • • , e„ 
to denote the standard basis of C", accordingly under the above identification Cj 
corresponds to iD" for 1 < j < n. 

7.6. Lemma. We have an isomorphism of K' x K -modules 

^(CP" X (C*)''") ^ Sym{V+ ® W" + V-(E) W) = Sym(K^ ® W") ® Sym{V- (E) W). 

Thus the variables Zaj, 1 < a < p,l < j < n, transform (in j) according to the 
standard representation of GL(n, C) and the variables Zfj^j , p+1 < a < p+q, 1 < j < 
n, transform in j according to the dual of the standard representation of GL(n, C). 
We will henceforth use the symbol J" to denote the above algebra of polynomials 
equipped with the graded GL{n,<C) -module structure just described. 
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Numbering the nm variables as zi , . . . , Zmn we have 





= sp(i'i) 


esp(^'°) a 










d 




= span j 




+ -^Zi 


Sp(2,0) 


= span{ 






Sp(0,2) 


= span j 






[ dzidzj J ■ 





Here sp^ is the complcxification of sp2„„. The indices i and j vary from 1 to nm. 
Note that while sp2mn is a real Lie algebra, the sp'^"''') are complex subalgebras of 
a;(sp{-.). In the Cartan decomposition 

(7.6.1) Sp2,nn = U™„ © q 

we have 

w(uc) =sp(i-i' and w(qc) -sp(2^°' ffisp(°'2). 

7.6.1. r/ie positive definite Fock model IP+. In what follows we will be mostly con- 
cerned with the subspace CP+ of T, that is, polynomials in the "positive" variables 
Zaj alone. It will be useful (both for our computations and to compare our formu- 
las with those of |4^) to regard these variables as coordinate functions on the space 
Mp_„(C) of p by n matrices. The following lemma justifies this. In what follows if 
[/ is a complex vector space then Pol(?7) denotes the polynomial functions on U. 

7.7. Lemma. There is an isomorphism of K' x K -modules 

y+ = Sym(y+ ® C") ^ Pol(Mp,„(C)). 

Proof. We have 

Pol(Mp,„(C)) = Pol(Hom(C",T/+)) ^ Pol(V+ ® (C")*) 

^ Sym((l^+ ® (C")*)*) Sym(y+ ® C"). 

Here we use (as we will do repeatedly) that V+ = yj; as a if-module. □ 
We will sometimes regard the z^j as matrix coordinates in what follows. 

7.8. Some conventions. By abuse of notations we will use, in the following, the 
same symbols for corresponding objects and operators in both the Schwartz and 
Fock models. 

Wc use the convention that indices a, /3, . . . run from 1 to p and indices ^,,v, . . . 
run from p + 1 to m. In this numbering K = SO(p) x SO(g) acts so that for each 
j, the group SO(p) rotates the variables z^j and SO(g) rotates the variables z^j 

Note that p = (g) (C*)* = Mp_g(C), with our convention we let u)a.i_L be the 
linear form which maps an element of p to its (a, /i)-coordinate. 

Finally, for multi-indices a = (ai, . . . , Uq) and p = (/3i, . . . , j3i) we will write 

U)a ~ Ulai,p+l A ... A Wct^^p+g, 
Zq J = ,j . • . J , 
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7.9. We are interested in the reductive dual pair 0(y)xMp2„(]R) inside Mp2„j„(M). 
We suppose that O(V^) and Mp2„(M) are embedded in Mp2,„„(IR) in such a way 
that the Cartan decomposition (|7.6.ip of st32mn ^-Iso induces Cartan decomposition 
of g and g' . Then T is a (g, i^)-module and a (g', /v ')-modulc. We will make use 
of the structure of CP as a (g g', • if' )-modulc. We first recall the definition of 
harmonics (sec [36]). 

The Lie algebra i — Op x Og K is a member of a reductive dual pair (J, I') 
where [' = sp2n x sp2n • We can decompose 

[' = ['(2^0) ® l'(i'i) ® where r^"^") = [' n sp^'"'"). 

Then the harmonics are defined by 

J{ = 3<{K) = |P e T : 1{P) = for all I G ^ 

Remark. The space J{ is smaller that the usual space of harmonics J{(G) in T 
associated to the "indefinite Laplacians" , the latter being associated to the dual pair 
(g,g') rather than {i, ['). The space IK is easily described by separating variables: 
Let y+, resp. CP_, be the space of all polynomial functions on V+ (g) W' = VJ^, rcsp. 
V- (E) W = VI}. It is naturally realized as a subspace of J'(C'""), namely the space 
of polynomials in the variables Zaj, resp. Zfj,j. We obviously have T = 
Now denote by !H+, resp. 3-C-, the harmonic polynomials in VJ^, resp. VT, (the 
"pluriharmonics" in the terminology of Kashiwara-Vcrgne [40]). We then have: 

7.10. Some special harmonic polynomials. In this subsection we will intro- 
duce subspaces W{V1^) and D{"{VJ^) of ?{+ which are closed under polynomial 
multiphcation but not closed under the action of /v = 0(V+). 

We begin by introducing coordinates (that we will call "Witt coordinates" ) that 
will play a key role in what follows. The resulting coordinates w'^j, "^'Lj^ ^jj 
1 < a < [|], 1 < j < n, coincide (up to an exchange of order of the indices a, j) 
with the coordinates cc^q,, j/jq,, ij, 1 < a < [§], 1 < j < of Kashiwara and Vergne 
[40] (Kashiwara and Vergne use i instead of j and v instead of a) . First we define 
an ordered Witt basis 23 for V+. Let po = [p/2]. We define an involution a — ;> a' of 
the set {1,2,- •• ,2po} by 

a' = 2pQ — a + 1. 
If p is even define w^, u'^ (1 < a < po) by 

and 

Then {u'l, ■ ■ ■ , u^^, u", • • • , u^^) is the required ordered Witt basis. In case p is odd 
we define m'^ and u'^ {1 < a < po) a,s above then add Vp as the last basis vector. In 
both cases we will use 23 to denote the above ordered basis. 

We note that u'^ {1 < a < po), and u'^ {I < a < Po) , arc isotropic vectors which 
satisfy 

{u'^,u'p) = 0, {u'^,u'p) = and {u'^,Up) = Sap for aU a,l3. 
Of course in the odd case Vp is orthogonal to all the w^'s and uVs. 
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Define coordinates 

(w'l,--- > w'po ' "^po ' ■ ■ ■ ' "^1 ) fo'^ dim{V+) even, 
resp. {w[,--- ,Wp^,Wp^,--- ,w'l,t) for dim(V+) odd, 



by 



and 



po 

X 

a=l 



~ w'^[x)u'^ + w'^[x)u'^ in case p is even 



Po Po 



X = 'w'^{x)u'^ + w'^{x)u'^ + tvp in case p is odd. 

a—l a—1 

The above coordinates on V+ induce coordinates w'^ j,, ^, on for 1 < a < p, 
1 < k < ??, and for x = (xi, • • • ,Xn) S we have 

Po Po 

Xk = Yl ^a,A;(x)Wa + "^aA^Wa m CaSC p is CVCn 

Q— 1 a—l 

and 

Po po 
Xk = Y w'^ f,{x.)u'^ + ^ ^.(x)u^ + ^feWp in case p is odd. 

a—l a—l 

We note the formulas 

(1) Zaj(x) = {Xj,Va), I < a < P, I < j < n 

(2) <_j.(x) = (a;j,0, 1 < a < Po, 1 < J < ^ 

(3) <^/x) = 1 < a < Po, 1 < J < n. 
We find as a consequence that 

(7.10.1) w'^ j = Zq,j + iza'j and = z^j — zZq/j, 1 < « < Po, 1 < j < 

It will be convenient to define w'^ p resp. w'^ p for a satisfying po + 1 < a < 2po 
by using equation (|7.10.ip . Hence we have 

^a',i = «^^aj , 1 < a < 2po- 

For both even and odd p we denote the algebra of polynomials in w'^ j by !H'(V"^) 
and the algebra of polynomials in w'^ ^ by Jf"(yp). The following lemma is critical 
in what follows. 

7.11. Lemma. The C-algebras W(V"^) and 3{"{V^) of 7+ lie in the vector space 

Proof. The Laplacians A.y , 1 < i, j < n, whose kernels define ?f+ are given by sums 
of mixed partials 

= E .9w" . + dw' .dw" - ^ '^'^ 

a=l a.i^^a.j '^"'aj" a,i 

and 

^^^^?i^<?<;^^<7<^ 

See go], pages 22 and 26. □ 
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Remark. The only harmonic polynomials we will encounter in this Chapter will 
belong to the subring D{"{V"). 

7.12. The matrix VF"(x) and the harmonic polynomials Afc(x). We will use x 

to denote an n-tuple of vectors, x = (xi, 2:2, • • • , a;„) G V^. Let W"{x) be the po by 
n matrix with (a, j)*^ entry w'^ j, 1 < a < po, I < j < n, that is the coordinates of 
Xj relative to u'(, - ■ ■ , Up^. Following the notation of [40] we let Afc(x) be the leading 
principal k hy k minor of the matrix M^"(x) (by this we mean the determinant of 
the upper left khy k block). The polynomials Afc(x), 1 < k <n belong to W{V+) 
and hence they belong to 5f. For 1 < fc < po we let W^'(x) be the submatrix 
obtained by taking the first k rows of W"{x). We then have the following equation 

(7.12.1) M/^'(X5) = M^^'(x)5,5 e GL(n, C), 1 < fc < po. 

7.13. The classes of of Kudla-Millson and Funke-Millson. Let A be a dom- 
inant weight for G expressed as in ijS.lOl Assume that A has at most n nonzero 
entries. By supressing the last mg — n zeroes the dominant weight A for G gives 
rise to a dominant weight Ai > . . . > An of U(n) (also to be denoted A) and as 
such a finite dimensional irreducible representation S'a(C") of U(n) and thus of 
K'. Here 5a (C") denotes the Schur functor (see [H]); it occurs as an irreducible 
subrepresentation in (C")**^ and we denote by iA the inclusion S'a(C") — > (C")*^^. 

Now let £ = Ai + . . . + A„. Following [25l p. 296], we may define the harmonic 
Schur functor S[x]{V) as the image of the classical Schur functor S\{V) of V under 
the G-equivariant projection of V®^ onto the harmonic tensors. We denote by 
7r[A] the G-equivariant projection V^^ — > S[x]{V). The representation S[\]{V) is 
irreducible with highest weight A. Note that all S[x] {V) we will encounter are self- 
dual. This is obvious if m is odd as all representation of SO (to) are then self-dual, 
when TO is even this follows from the fact that A has n < rank(G) nonzero entries. 
In what follows, if V is a representation of K' and k is an integer then V'[k/2] will 
denote the representation of K' which is the tensor product of V and C^. 

In |26j Funke and Millson construct a nonzero Schwartz form 

V^nq,ix] e HomA"(5A(C")[77i/2],HomK(A"«p,J'V"'^'' (8)5[a](F))). 

The finite dimensional representation S[x] (V) gives rise to a G-equivariant her- 
mitian vector bundle with fiber S[x]{V) on the symmetric space G/K where the 
G-action is via x : {v,gK) {x ■ v,xgK). For each w S Sx{C^) and each x € 1/" 
we may therefore interpret (^„^ [a] (^)(x) &s a differential nq-fovia on G/K which 
takes values in the vector bundle associated to S[x]{V). 

The main result of specialized to our setting, is the following: 

7.14. Proposition. For each w € S'a(C") and x e = M,„.„(C), v3„q_[A] (w)(x) 
defines a closed differential form on G/K with values in S[x](V). Moreover fnq,[\] 
defines an element in 

HomK,(5A(C")[m/2], (A"«(p*) ® T ® 5[a](F))^) 

or equivalently a section of the homogeneous vector bundle over the Siegel upper-half 
space corresponding to the representation of K' given by S'a(C")[to/2] with values 
in the G-invariant closed bundle-valued nq-forms A^'^ {G / K ; "? ^ S[x]{V))'^ . 
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These Schwartz forms are the generahzation of the "scalar-valued" Schwartz 
forms considered by Kudla and Millson [46l \M\ El] to the coefficient case. We now 
digress to explain how to construct the forms with trivial coefficients as restriction 
of forms associated to the unitary group \J{p,q). 

7.15. Restriction of Kazhdan forms. The natural embedding 0{p,q) C \J{p,q) 
yields a totally real embedding of G/K into the Hermitian symmetric space U/L 
where U = lJ{p,q) and L = U(p) x lJ{q). The tangent space p of G/K identifies 
with the holomorphic tangent space pjj of U/L. 

We let 

a 

(Here n = 1.) We call Kazhdan form the form tjjq as it was first used by Kazhdan 
(in the case g = 1) to prove a non- vanishing theorem for the first cohomology group 
of certain arithmetic manifolds associated to the group U(7i, 1); see [41] [12]. One 
important feature of the Kazhdan form is that, interpreted as a differential form on 
[//L, the form tpq is closed, holomorphic and square integrable (hence harmonic), 
see [401 [77]. 

In the Fock model the "scalar-valued" Schwartz form (Kudla-Millson form) ipg^Q 
is - up to a constant - the restriction of the Kazhdan form ipq. It is given by the 
formula: 

fqfi = ^ Za ® tj„ e HomA'(A«p, y'f^). 

a 

We will often write (pq instead of (fq^o- 

Note that, interpreted as a differential form on G/K, the form ipq^o is closed but 
not harmonic. 

The reader will verify that there are analogous Kazhdan forms ipnq,x and re- 
striction formulas for the general (fnq.x with values in the reducible representa- 
tion S\(V) but there is no such Kazhdan form for the harmonic- valued projection 
fnq,[\] = ■"'[A] ° fnq,x with valucs iu the irreducible representation S[x^{V). 

Remark. By construction the Kazhdan form ^q factors through the subspace 
[A9.0pj^]SU(<j) of SU(g)-invariants in A«'°pj/. In particular the form iPnq,[\] defines a 
element in 

Hom^' (5A(C")[m/2], HomA'([A"''p]S^(«\ T ® (F))). 

As announced in the Introduction it will therefore follow from Proposition 19 . 81 that 
the subspace of the cohomology H*^gp{XK, S[x\{V)) generated by special cycles is 
in fact contained in H*^^^p{XK , <S'[a] (^))^^- (This of course explains the notation.) 

7.16. The cocycles of Kudla-Millson for general n and the cocycles of 
Funke-Millson. We may more generally define ipnq,o as the (external) wedge- 
product: 

'fijiqfi = fqfi A ... A (fqfi . 
^ ^ 

n times 

Again, we will often write ipnq instead of ipnq,o- Note that ipnq,o is the restriction 
of the holomorphic Kazhdan nq form ipq A ■ ■ ■ A ipq. 



ARITHMETIC MANIFOLDS ASSOCIATED TO ORTHOGONAL GROUPS 



39 



We can also give a coordinate- free definition of ipnq,o- For x G V+ let x be the 
g-fold exterior product of bivectors given by 

x= {x A Vp+i)) A • • • A (a; A Up+g). 

Let (/3*^ g : Sym"'^(V"^)* A""* (p*) be the adjoint of ipng. Then we have (identifying 
V+ AV- to p* using the invariant form ( , )) 

(7.16.1) iplg Q{xi,X2, ■ ■ ■ ,Xn) = ii A • • • A i„. 

Remark. We caution the reader that the right-hand side of equation (|7.16.ip is the 
wedge product in A"'(V+ A V-) so it is the wedge of nq bivectors. If we evaluate 
this element on a decomposable ng- vector ai A • • • A a„q G A"'(V+ AV-) we will get 
the determinant of an nq by nq matrix with entries {xi A Up+j, Ofe) arranged in an 
order which we will not need to specify. 

In order to go from the forms with trivial coefficients to those with nontrivial 
coefficients one multiplies ipnq,o by a remarkable if'-invariant element <Po,[A] of de- 
gree zero in the (g, A")-complex with values in S'[a](C")* (g) ^(F") (g) S'[a](^)- These 
elements (as A varies) are projections of the basic element ipo,i whose properties 
will be critical to us. Thus (in the Fock model) we have 

V'nq,[\] = Vnq.Q ' VO,[A]- 

7.16.1. The K' -equivariant family of zero {so(j), q), K)-cochains ifo^e- In |26j Funke 
and Millson define (for C" the standard representation of U{n)) 

(^o,£ e Hom;f,xs,((T'(C")),Hom^(A"p,Tf ®T^(y+))) 

by 

(7.16.2) = X! ^''i'*! ■ ■ ■ ^Pi^^t 

(up to a constant factor) where e/ = ei^ (8i . . . (8i e^^ and / = (ii, • • • , ii). Here K' 
acts on T^(C") and v'^f and the symmetric group Se acts on T^(C") and THV+). 
They also set: 

^nq,i = <Pnq,o ' fo,e € Homif, x (T^ (C") [W2] , Hom^ (A"«P , (F) ) , 

and 

Vnq^x] = (1 ® 7r[A]) o (^„,,, o e HomA"(5A(C"),HomK(A"«p,T^;''^+'' S[x]iV))). 

In what follows it will be important to note that GL(ri, C) acts on _ 
gnq+e^£^n (g, i^y (^thc actiou induced by) the standard action of GL{n, C). Also 
the map (fo,e has image contained in Hom/^ (A^p, J'^(8)T^(F+)). We will now rewrite 
ipo^e to deduce some remarkable properties that it posseses. 

7.16.2. Three properties ofipo^i. Note first that a map ip : U WiSiV corresponds 
to a map ip* : V* (g U — >■ W. Hence, using the isomorphism V+ = we obtain 

^l,:T'{V+)®T'{C-)^yf 

by the formula 

iPo^i{vp_(» ei) = (cpo,^(e/),v^). 
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Equation (|7.16.2p then becomes 

(7.16.3) = ■ ■ ■ ^PiM- 

Rearranging the tensor factors C" and V+ we may consider the map </Jg ^ as a map 

: T'^{V+ ® C") ^ Sym^(K^ ®C")<^ V^. 

This rearrangement leads immediately to two important properties of V'o £• 
First, we have the the following factorization property of ip^ ^ that will play a 

critical role in the proof of Proposition l7.26l Note that as a special case of Equation 

(j7.16.3p . (Po,i{V+ <g} C") y+ satifies the equation 

We see then that ip^ ^ : T^{V+ C") may be factored as follows. Given a 

decomposable ^-tensor x (g) z = (xi (g) • • • (g) ) (zi (g) • • • (g) z^) € T^(F+) ® r^(C"), 
rearrange the tensor factors to obtain (xi (g zi) (g • • • (g {xi (g Zi) e T^{V+ g) C"). 
Then we have 

V5oj,(x«) z) = ipo^xi (g) zi)ip^ -^{x2 (g Z2) • • ■ 'PoAxi (g ze). 
From this the following multiplicative property is clear 

7.17. Lemma. Let zi e r°(C"),Z2 G r''(C"),xi e T°(VV),X2 G T^(F+) wii/i 
a + b ^ £. Then 

(Po_f ((xi g) X2) g) (zi ® Z2)) fl^aii^i ® zi) ■ ¥'S,6(x2 <^ 22)- 

The second property we will need is that ip^ ^ is (up to identifications) simply the 
projection from the £-th graded summand of the tensor algebra on V+ g) C" to the 
corresponding summand of the symmetric algebra. Hence, the map tp^ ^ descends 
to give a map 

(7.17.1) ipl^ : Sym^(F+ g) C") ^ Sym^(F+ (g C") 

which is clearly the identity map. The following lemma is then clear. 

7.18. Lemma, (p^ ^ carries harmonic tensors to harmonic tensors. 

From now on we will abuse notation and abbreviate ip^ ^ to cpoj for the rest of 
this subsection. 

7.19. The Vogan-Zuckerman i^-types associated to the special Schwartz 
forms ipnq,[\]- For the rest of this section the symbols V, and V- will mean the 
complexifications of the the real vector spaces formerly denoted by these symbols. 

Wc recall that the Vogan-Zuckcrman iC-typc /i(q) is the lowest X-typc of Aq. It 
may be realized by the X-invariant subspacc ^(q) C A''^(p) generated by the highest 
weight vector e(q) G A^(unp) C A^(p). The K-type /i(q,A) is the lowest ii'-type 
of ^q(A). It may be realized by the if -invariant subspacc V{q,X) C A^(p) ® E* 
which is the Cartan product of V{q) and E* . 

Our goal in this section is to prove the following 

7.20. Proposition. 

V'n9,[A](^(q,A)) C 
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Remark. We remind the reader that we modified ipo^g to ip^^ in subsection 17. 16.21 
This results in a modification of <Po,[A] a-nd hence of ipnq,i\]- Thus we should have 
written (^*^ instead of (pnq,[\] in the above theorem and in all that follows. Since 
this amounts to rearranging a tensor product we will continue to make this abuse 
of notation in what follows. 

The key to proving the Proposition will be to explicitly compute /i(c|), V{q) and 
e(q) and the harmonic Schur functors S[\] for the case in hand in terms of the 
multilinear algebra of and the form ( , ). We will define a totally isotropic 
subspace i?„ C Vlj- ig) C of dimension n and q will be the stabilizer of a fixed fiag 
in En. Anticipating this we change the notation from V{q,X) to V{n,X). Also we 
take R = nq because for all the parabolics we construct below we will have 

dim (u n p) ~ nq. 

For special orthogonal groups associated to an even dimensional vector space par- 
abolic subalgebras are not in one-to-one correspondence with isotropic fiags but 
rather with isotropic orifiammes. This will not be a problem here. The reason for 
this comes from the following considerations. First all parabolics we consider here 
will come from flags of isotropic subspaces in E„. Second, there is no difference 
betweeen orifiammes and flags if all the isotropic subspaces considered are in di- 
mension strictly less than the middle dimension minus 1. Finally, note that in the 
even case we have n < mo — 1. See [551 Chapter 11, p. 158] for details. 

Furthermore, again in the even case, since our highest weight A of E* has at most 
n nonzero entries and n < toq — 1 < tuq the irreducible representation of SO(y) 
with highest weight A will extend to an irreducible representation of 0{V). This 
extension will be unique up to tensoring with the determinant representation. In 
other words for us there will be no difference (up to tensoring by the determinant 
representation) between the representation theory of SO(y) and 0{V). 

7.20.1. The proof of Proposition \ 7. 20\ for the case of trivial coefficients. We will 
first prove Proposition 17.201 for the case of trivial coefficients. 

If we are interested only in obtaining a representation Aq which will give co- 
homology with trivial coefficients in degree nq we may take q to be a maximal 
parabolic, hence to be the stabilizer of a totally isotropic subspace E' C V. We 
remind the reader that throughout this section V, V+ and V- are the complexifica- 
tions of the corresponding real subspaces which we have denoted V, V+ and VL in 
the rest of the paper. In order for q to be 0-stable it is necessary and sufficient that 
E' splits compatibly with the splitting 1/ = Vl(- ® VC, . The simplest way to arrange 
this is to choose E' C E'^ C V+. Hence, we choose E' to be the n-dimcnsional 
totally isotropic subspace E' = E'^ C V+ given by 

En =span{u[,U2,--- ,<}■ 

Now let E'j^ be the dual n dimensional subspace of V+ given by 

K =span{<,u^',-- - ,<}. 

Then E'^ is a totally isotropic subspace of V+ of dimension n with E'^ n = 
such that the restriction of (, ) to iJ'^ + E'^ is nondegenerate (so E'^ and E'J^ are 
dually-paired by (, )). Let U = {E'^ + E[[)^. We wiU abbreviate E'^ and E'^ to E' 
and E" henceforth. We obtain 



(7.20.1) 



V ^ E' ®U ®E" (BV- 
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In what follows we will identify the Lie algebra 5o{V) with A'^{V) by p : A'^{V) — >■ 
so{V) given by 

p{u A v){w) = (u, w)v — (v, w)u. 

The reader will verify that under this identification the Cartan splitting of so{V) 
corresponds to 

ao{V) = « ® p = {^'^{V+) ® a2(F_)) ® {V+ ® VL). 
Equation (|7.20.1|) then induces the following splitting oi so{V) = A^(l/): 

a2 [V] = (E' ® E") e {E' ®U)®{E' ®V.)® {E" ®U)® {E" ® V_) 

®iU(g) V-) ® A^iE') ® A^iU) ® A^{E") ® A2(y„). 

The reader will then verify the following lemma concerning the Levi splitting of 
q and its relation with the above Cartan splitting of so{V). Recall that q is the 
stabilizer of E' . Let q = I ® u be the Levi decomposition. 

7.21. Lemma. (1) q = [{E' ® E") ® ([/ ® y_) ® A^{U)] ® [{E' (g) U) ® {E' ® 

i/_))®a2 (£;')] 

(2) {^{E' ®E")®{U®V-)®A^{U) 

(3) u={E' ®U)® (E' ® VL)) ® A^iE') 
Hence, we have 

u n p = (£^' (g) V-) = span({^ A Vp+k ■ I < j < n,l < k < q}) 

whence 

e(q) = [(u'l A Vp+i) A ■ ■ ■ A {u[ A Vp+q)] A • • • A [« A Vp+i) A • • • A « A Vp+q)]. 

Next we describe the Vogan-Zuckerman subspace V{n) C A"'p ^ A"'^(V+ (g) 
y_) (underlying the realization of the Vogan-Zuckerman special if-type in A"''p) 
using the standard formula for the decomposition of the exterior power of a tensor 
product, see equation or Equation (19), or the formula on page 80 of [25] , 

Here n x q denotes the partition of nq given by q repeated n times. 

7.22. Lemma. The subspace V{n) o/ A"''(y+ (E) V^) is given by 

7.23. We denote by V{n, A) the Cartan product of V{n) ® S[\] {V)* i.e. the highest 
i^-type of the tensor product V{7i) ® S[x]{V)* = V{n) (g) 5'[a](^). 

We can now prove Proposition 17.201 for the case of trivial coefheients. We refer 
the reader to subsection 17.121 for the definition of the po by n matrix W" (x) . We 
recall that A„ (x) is the determinant of the leading principal n by rt minor of W" (x) . 

7.24. Proposition. We have 

<^„,(e(q))(x) = A„(x)'^ e M"(y,"). 

and consequently 

vnqivin)) c :k+. 

Proof. Let x = {xi,X2,-'' ,a;„) G V^. Then we have (see equation (|7.16.ip and 
Remark 17.161 for the meaning of the notation) 

(7.24.1) (^„,(e(q))(x) = (^;,(x)(e(q)) = (ii A • • • A i„, < A • • • A <). 
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Here the second equation follows from equation (|7.16.ip and 

u[A- ■ -A^ = [{u[AVp+i)A- ■ ■A{u[AVp+q)]A- ■ ■A[{u[^AVp+i)A- ■ •A«Ai;p+,)] = e(q). 

From equation (j7.24.ip . we see that (y9„g(e(q))(x) is the determinant of the nq by 
nq matrix j4(x) with matrix entries {xi A Vp+a, u'^ A = 5ci.p{xi, u'^) arranged 

in some order (with more work we could show j4(x) ~ Iq® VF"(x) but we prefer 
to avoid this computation and procede more invariantly). By definition {xi,u'^) = 
w^j. Noting that 1 < 7 < n we see that (y9„g(e(q))(x) is a polynomial in the 
coordinates w'^ ^ with 1 < a, j < n. Hence (p„g(e(q))(x) is the value of a polynomial 
function p{W") on the space of n by n matrices W" at W" = W^//(x) ^ {''^'aj) ■ 
1 < a, j < n. 

Now, letting p denote the standard (not the oscillator) action of GL(n,C) on 
T+, we have 

pig) ° f nq = dct(5)« (fnq, g G GL(n,C). 

Evaluating both sides at e(q) we obtain 

p(ff)(Vng(e(q))(x)) = ^„g(e(q))(x.g) = det{gy v'„Je(q))(x) 

Hence p satisfies (see equation (j7.12.ip for the first equality below, the second 
equality is the equation immediately above) 

p«(x).9) =p«(xg)) = det(5)« P«(x)). 

Hence in case det(W^'(x)) ^ we have 

p«(x))==p(/„)det«(x))''. 

By Zariski density of the invertible matrices (and the fact that every nhy n matrix 
W" may be written as W^"(x) for a suitable x ) the above equation holds for all n 
by n matrices W". It remains to evaluate the value oi p on the identity matrix /„. 
We claim p{In) = 1- This follows from the two equations. 

p{In) =¥5„g(e(q))«,--- ,0 and (p„g(e(q))«, • • • ,<) = 1. 

The first equation asserts that the matrix of coordinates (w'^ J of the n-tuple 
{u'(, ■ ■ ■ , u") is /„ and using (|7.24.1[) the second equation asserts 

« A • • • A <, it'i A • • • A <) = dct{Inq) = 1. 
Both are obvious. □ 

7.25. A derivation of the formulas for the simultaneous highest weight 
harmonic polynomials in Case (1). In this section we will prove the general 
case of Proposition 17.201 in other words, we will prove that </?nij,[A] (^^(^j A)) takes 
values in We will do this by giving an explicit formula for Lpo^[\]{e\ (8) I'j'^j) 

which will obviously be in W'(yy). Our computation will give a new derivation of 
the formulas of Kashiwara and Vergne for the simultaneous highest weight vectors 
in J{+ for their Case (1), Propositions (6.6) and (6.11) of [30]- This derivation will 
be an immediate consequence of the multiplicative property. Lemma 17.171 of ipo^i 
and standard facts in representation theory. 

First we need to make an observation. Note that V{n, A) is the lowest if -type 
of ^q(A), with u n p as above. But if not all the entries of A are equal then we can 
no longer take q to be a maximal parabolic and we will have to replace the totally 
isotropic subspace £"„ by a fiag in En- For example, if all the entries of A are 
different then we must take a full flag in En ■ However for all parabolics q obtained 
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we obtain the same formula for uH p and the formula above for e(q) remains valid. 
In fact (because induction in stages is satisfied for derived functor induction) one 
can always take q to be the stabilizer of a full flag in En and hence will have the 
property that the Levi subgroup Lq of Q intersected with G will be U(l)". This 
we will do for the rest of the paper. 

Next, we recall that since V{n, A) is embedded in A"'?(p)®S'[A](V^)* as the Cartan 
product, the highest vector of e(q, A) of V{n, A) is given by 

(7.25.1) e(q,A)=.e(q)®«f;,] 

where v^^^ is the highest weight vector of S[\]{V)* . In what follows let e\ be a 
highest weight vector of Sx{C"). Also since V'nqjA] = 'Png.o • Vo,[a] we have 

(7.25.2) V«g,[A](eA «'e(q,A)) = v3„g,o(e(q)) • .^o,[A](eA «> W[*^]). 

Here and in the formula just above we think of ifnq,o as an element of Homif (A"'^(p), 7) 
and 'Po,[\] as an element of Hom/^'x A-(5'A(C")[m/2] (g) S[x]{V)* ,7). Since they both 
take values in the C-algebra 7 we can multiply those values. The resulting product 
is what is used in the equation (|7.25.2p and induces the product in the previous 
equation. Since Jf"(y_[') is closed under multiplication if we can prove that both 
factors of the right-hand side of equation (|7.25.2p arc contained in the ring J{"(V_J?) 
we can conclude that 

V'ng.[A](eA ® e(q, A)) e :H"{Vl') C Jf+. 

Accordingly, since V{n, A) is an irreducible K' x iiT-module, the action oi K' x K 
preserves ^K+, and (pnq,[x] is a K' x K homomorphism, Proposition l7.20l will follow. 

In fact we now prove a stronger statement than the required (/5o,[A](eA ® ^[*a]) ^ 
5f"(l/p). Namely we give a new proof of the formulas of [40] in Case (1). This 
proof makes clear that their formula follows with very little computation. Namely 
we first realize the representation ^(A) with highest weight A of 0(V+) in a tensor 
power of symmetric powers of fundamental representations (exterior powers of the 
standard representation V+) corresponding to representing the highest weight A in 
terms of the fundamental weights zuj , 1 < J < po 

Po 

(7.25.3) A^^fliWi. 

We then write down the standard realization of the highest weight vector in this 
tensor product, see equation (|7.27.ip below. The point is that this realization is 
represented as a product, it is "factored" . We then apply the il'-homomorphism ipo^i 
to this vector using the multiplicative property, Lemma 17.171 and obtain the desired 
realization of it in J"^ as a product of powers of leading principal minors of the 
matrix W"{x}. Thus the new feature of the proof is the existence and factorization 
property of the map (po^e- We now give the details. 

The reader will verify that (after changing from the basis of the dual of the 
Cartan given by the fundamental weights to the standard basis) that the following 
formula is the same as those of [40], Proposition (6.6), Case (1) and Proposition 
(6.11), Case (1). 

7.26. Proposition. Write the highest weight A in terms of the fundamental weights 
according to X = J27=i O'i'^i- Then we have (up to a constant multiple) 
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(7.26.1) ^o,[A](eA ® vl^^)(x) - Ai(x)'^i A2(x)"- • • • A„(x)°". 





7.27. Corollary. 



<Pn,,[A](eA®«[A])eJf"(K[')CM+. 



Proof. First, as stated, we give the standard realization of the of highest weight 
vectors of in the tensor product r^(C") (8) T^{V*), namely we have the formula 



(7.27.1) ex<»vl = [er^ ® (ei A ea)^"^ ® • • • ® (ei A ea A • • • A e„)^°"] 

® [uf' ® (ui A U2)®°' ® • • • ® (wi A U2 A • • • A u„)®'^"]. 



Indeed, note that the above tensor is annihilated by the nilradicals of both Borels. 
It is obviously annihilated by A^ (E) . Since the rest of the nilradical of the Borel 
subalgebra b for so(l + ) map is spanned by the root vectors uj Au'^,1 < j < i < Pq, 
that map Ui to uj with j < i (and ui to 0), the claim follows for 5o(V^). Similarly 
the Borel subalgebra for g[(n, C) is spanned by the elements Eij, 1 < j < i < n, that 
map Ci to Cj with j < i (and ei to 0) and are zero on all basis vectors other than 
Ci . Note also that the iti's are orthogonal isotropic vectors hence the above tensor 
in the Uj's is a harmonic tensor in T^{V+). Lastly the above vector has weight A 
by construction. Note that with the above realization of e\ (E) v*y^ in T^(C" (8) V^) 
we have 

<P0,[A](eA «)W*A]) = <<50,f(eA W[A]) 

where on the right-hand side we consider e\ (E) Up^j e T^(C" (EV^). We now apply 
the factorization property of (pa.e, see Lemma 1 7. 171 

Indeed, factoring the right-hand side of equation (|7.27.ip into n factors (not 
counting the powers a^) we obtain 

'^o,«(eA <E v*x^) = ipo,i{ei ® Mi)°Vo,2([ei A 62] <E [ui A M2])°' • • • 



7.28. The derivation of the correspondence of representations on the har- 
monics. In this subsection we will sec how the map ipoj : Sym^(C" <S5 V+) ^■ 
Sym^(C" (8) F+) = Po1^(Mpxm(C)) induces the decomposition formula for the dual 
pair GL(n, C) x 0{V+) acting on J£^(C"(g)y+). In what follows let P(£, n) be the set 
of ordered partitions of £ into less than or equal to n parts (counting repetitions). 
We will assume the known result that GL(n, C) x 0{V+) acting on J{^(C" (E V+) 
forms a dual pair, see |35| , and compute what the resulting correspondence is using 

^0,1- 



■ ■ ■ <Po,n([ei A • • • e„] (g) [ui A • • • A u„]) 



a. 



But then observe that 



<Po,fc([ei A 62 A 
The Proposition follows. 



A Ck] (g) [wi A it2 A • • • Afc]) = Afc(x). 



□ 
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7.29. Proposition. Under the assumption n < [p/2\ the map ipo^ induces an iso- 
morphism o/GL(n,C) X 0{V+)-modules 

As a consequence the correspondence between Gh{n,'C) -modules an(iO(V+) modules 
induced by the action of the dual pair on the harmonics is iS'a(C") O S[\]{V^) (so 
loosely put "take the same partition"). 

Proof. We first recall the decomposition of the i-th symmetric power of a tensor 
product, see page 80, 

Sym^(C"®y+)= Sx{C^)^Sx{V+). 

xeP{e,n) 

Hence we obtain an isomorphism of GL(n, C) x GL(y+)-modules 

^o,i- Sx{Cn^Sx{V+)-^Sym'{C^^V+)=Pol'{{C^y^V;). 

But by equation (|7.26.2[) of Proposition 17.261 we have (under the assumption n < 

^oASxiCn ® S[x]iV)) C J{''(C" ® V+). 
The map is obviously an injection. 

To prove the map is a surjection let A € P{£,n). Then, from the assumption 
preceding the statement of the theorem, the 0(F+) -isotypic subspace 

HomGL(„,c)(^A(C"), J£^(C" ® V+)) 

is an irreducible representation for 0(V+). But we have just seen it contains the 
subspace S'[a](V+). Hence it coincides with S[x]{V-^). From this the proposition 
follows. □ 

7.30. The relation with the work of Kashiwara and Vergne. The previous 
results are closely related to the work of Kashiwara and Vergne, [301 studying the 
action of GL(n, C) x 0(fc) on the harmonic polynomials on M(n, k). We first note 
that Propositions 17.241 and 17.261 do not follow from the results of [3^ since we do 
not know a priori that the cocycles ipnq resp. fnq.[\] take harmonic values on the 
highest weight vectors e(q) resp. e(q, A) (and this and the results of Howe arc the 
key tools underlying the proof of Theorem I7.32p . 

For the benefit of the reader in comparing the results of Section r7.251 Proposition 
17.261 and Section 17.281 Proposition 17.291 with the corresponding results of [30] we 
provide a dictionary between the notations of our paper and theirs. We are studying 
the action of the dual pair GL(n,C) x 0(V+) on the harmonic polynomials Jf+. 
Thus our p corresponds to their k and their n coincides with our n. Their £ is 
the rank of 0(V+) which we have denoted pq. Kashiwara and Vergne take for the 
Fock module the polynomials on M„xp(C) = C", that is the GL(n,C) x 

0(VV)-module Sym(K|- ® (C")*) whereas we take the polynomials on ® (C")* = 
V+ (g) (C")* ^ Mpx«(C) that is Sym(y+ (g) C") for our Fock model. In the two 
correspondences between GL(n, C) modules and 0(V+) modules the * on the second 
factor causes their GL(n, C)-modules to be the contragredients of ours. 

There are two results in [30] that are reproved here using (po^i (in "Gase 1", 
n = rank(GL(7i, C) < Po = rank(0(V+)). First, we give a new derivation of their 
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formula for the simultaneous GL(7i, C) x 0(V+)-higliest weight vectors in the space 
of harmonic polynomials in Proposition 17.261 Second, we give a new proof of 
the correspondence between GL(n, C) modules and 0(V+) modules in Proposition 
17.291 Both of our proofs here are based on the properties of the element ipo,i- As 
noted above, the correspondence between irreducible representations of GL(n, C) 
and 0(V+) is different from that of Kashiwara and Vergnc (the representations of 
GL(n, C) they obtain are the contragrcdicnts of ours). 

7.31. The computation of llomK{V{n, X),"?) as a U{q') module. In this sub- 
section we will prove the following theorem by combining Proposition 17.201 with a 
result of Howe. 

7.32. Theorem. As a {q' ^ K') -module, Hom^^ (^(ti. A), J*) is generated by the re- 
striction of ipnq^^x] to V(n,X), i.e. 

HomK(T^(n,A),y)-C/(0'K,,[A]. 
Moreover: there exists a {q x g' , K x K')-quotient y/Tsf of V such that the {g',K')- 
module Homi^ A), y/Jvf) is irreducible, generated by the image o/(/5„g^[A] |v'(n,A) 
and isomorphic to the underlying (q' ,K') -module of the (holomorphic) unitary dis- 
crete series representation with lowest K' -type (having highest weight) S\{C^)®'Ci^ . 

Here C/(g') denotes the universal enveloping algebra of g'. 

The theorem will be a consequence of general results of Howe and the results 
obtained above combined with the following lemmas. 

7.33. We consider the decomposition of CP into A'-isotypical components: 

'y= a., 

see [31 §3]. 

Remark. However, we have to be careful about two group-theoretic points concern- 
ing our maximal compact subgroups K and K' . First we address K' . The action 
of GL(n,C) on the Fock model CP is the standard action on polynomial functions 
twisted by a character. Recall we identify T = 5'(C'"") with the space J'(Mm,n(C)) 
of polynomials on m by n complex matrices, Mm,n(C). Then the action of the 
restriction of the Weil representation uj to GL(n, C) on 3'(Mm,n(C)) is given by the 
following formula. Let Z € M„i,„(C) and P e J'(M,„,„(C)). Then we have for 
geGL(n,C) 

(7.33.1) ^{9)P{Z) = det(5)^P(Zg). 

To be precise, we do not get an action of the general linear group but rather of 
its connected two- fold cover GL(n,C), the metalinear group. We will ignore this 
point in what follows as we have done with the difference between the symplectic 
and metaplectic groups. Second we address K. In what follows the theory of dual 
pairs requires us to use 0{V+) and 0{V-) below. The reader will verify that in 
fact we may replace 0{V+) and 0{V-) by SO(F+) and SO(F_). However we note 
fnq,[\] transforms by a power of the determinant representation of 0{V^) which 
will consequently be ignored. Thus in what follows K will denote the product 
SO(V+) X SO(y_). The main point that allows us to make this restriction to the 
connected group K = SO(V+) x S0(1^_) is that the restriction of the representation 
y(n,A) of 0(y+) to SO{V+) is irreducible. 
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In what follows the key point will be to compute the V{n, A)-isotypic component 
in 5{ = 5{+ (g) J{_ as a GL(n, C) module under the action induced by the Weil 
representation. We will temporarily ignore the twist by det'^"'^-'^^. Then denoting 
the above isotypic subspace by ^v{n,\} '^'^ have 

(7.33.2) ^v{ru\) = ilomK{V{n, X),'K)(g) V{n, A). 

Here the first factor is a GL(n, C) module where GL(n, C) acts by post-composition. 

In what follows it will be very important that the representation V{n, A) of 
SO(V+) X SO(y_) has trivial restriction to the second factor. To keep track of 
this, up until the end of the proof of Lemma 17.381 "wiH denote the restriction of 
the representation V{n, A) to the first factor SO(F+) of K by V{n, A)+. Thus as a 
representation of the product SO(V+) x SO(F_) we have 

V{n,X) = V{n,X)+ M 1 

and 

(7.33.3) HomA'(l^(n, A),M+ ® 5f_) 

= Homso(v+)(V"(ri, A)+, J{+) «)Homso(v_)(l, JT-) 
= Romsoiv+){V{n, A) + , JC+) ® C. 
Thus it remains to compute the first tensor factor. 

7.34. Lemma. The GIj{n,C) -module Homgo(y_^) (V^(f^, A) + , J{-|_) is the ireducible 
module with highest weight (g + Ai, . . . , g + A„). Hence we have an isomorphism of 
GL(n, C)-modules 

Homso(y+)(T^(n,A)+,5f+)-5A(C")®C,. 

Proof. The lemma is an immediate consequence of Proposition 17.291 Since the 
irreducible 0(V+)-module V{n,X)^ has dominant weight ^ = (q + Ai, . . . , g + 
A„, . . . , 0, • • • ,0) it follows from Proposition 17.291 that the corresponding irre- 
ducible module for GL(n, C) is isomorphic to 5*^(0") (E) Cg and consequently has 
highest weight {q + Xi, . . . ,q + A„). . □ 

Taking into account the twist of the standard GL(n, C)-action by det'^"^-*^^ in 
the action of the Weil representation on T we find that the final determinant twist 
is q + {p — q)/2 = m/2. We conclude: 

7.35. Lemma. Under the action coming from the restriction of the Weil represen- 
tation the V{n, A) isotypic subspace of "K = ® decomposes as a GL(n, C) x 
[SO(V+) X SO(y_)] -module according to : 

(7.35.1) ^v[n.X) - (^a(C") ® C™) ® V{n, A). 

Recall by Proposition 17.201 we have 

^nq,[\] € ROT[lK{V{n, A), 5<+ (g) Jf„) 

But ^Pnq.[\] takes values in "K^ thus induces an element tp'^^ g Hom^(y(n, A), IK+) 
such that 

Note that Glj{n) x 0(V+) acting on J{+ forms a dual pair and 0(VL) acting on 
Jf_ forms a dual pair, V{n, A) = V{n, A)+ Kl C and ^nq,[\\ = Vnq [a] ® ^- have 
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7.36. Lemma. We have: 

(1) Homso(v+)(V^K A) + , ^ C/(0l(n,C)) • j^,. 

(2) Homso(v )(C,:K-) = C/(g[(n,C)) • 1 = C. 

(3) TlomKiv\n, A), 5{+ ® = [Uigl{n, C)) ® C/(0l(n, C))] • (^„,,[a] . 

Note that we have a product of dual pairs (GL(n,C) x 0(V+)) x (GL(n,C) x 
0(VL)). Since ipnq,[x] takes values in J{+(g)C the action of U{gl{n,C))®U{gl{n,C)) 
of (3) of Lenima l7.36l on ipnq.[x] coincides with the "diagonal " action of U {Ql{n, C)) 
(i.e. coining from the diagonal inclusion of GL(n, C) into the product of the two first 
factors of the two dual pairs above). It is critical in what follows that this diagonal 
g[(n, C) is the complcxification of the Lie algebra of the maximal compact subgroup 
K' of the metaplcctic group Sp2„(M) in our basic dual pair Sp2„(M) x 0{V). Hence 
wc obtain the improved version of (3) of the previous lemma that we will need to 
prove the first statement of Theorem 17.321 

7.37. Lemma. 

RomK{V{n, A), J{+ ® 5f_) = U{gl{n, C)) • ¥>„,,[a]- 

The next lemma proves the first assertion of Theorem 17.321 

7.38. Lemma. 

Hom/^n^, A), T) = t/(0') • V'n^JA]- 

Proof. By Howe [36l Proposition 3.1] the space !K = (E) generates T as a 
[/(0')-modulc, i.e. 

T = C/(0')(^+®^-)- 

We obtain: 

HomK(T/(7i,A), T)) = }iomK{V{n, X),U{q'){D<+ ® 3<^)) 
= [/(0')(HomK(T^(n, A), 5{+ 

= U {Q')U{Ql{n, C)) • ifnq.lX] = U (0') • 'Pnq,[X] ■ 

□ 

7.39. We now prove the second assertion of Theorem 17.321 

It follows from Li [53] that the (0, i^r)-module ^q(A) occurs in Howe's theta 
correspondence (see [36l Theorem 2.1]). In particular: there exists a (0 x 0', iC x K') 
quotient of T which has the form 

where tt' is a finitely generated, admissible, and quasisimplc (0', if' )-module. This 
yields a projection 

RouiKiVin, A), T) Hom/f (y(n, A), T/N) 

= 7r'®Hom/f(y(n, A),A(,(A)) = tt' ® C. 

But since Honi/f (y(??, A), T) = U{g')(pnq^[x]; the projection is nonzero and tt' is 
irreducible the projection must map the generator ^nq,[x]\v{n,x) of the C/(0')-module 
Hom/f (l/(n, A), y) to a generator of tt' . Finally: Li makes Howe's correspondence 
explicit. In our case tt' is the underlying (0', isr')-module of the holomorphic unitary 
discrete series representation with lowest if '-type S'a(C") (g) which is the K' 

type generated by v3„gjA] • 

This concludes the proof of Theorem 17.321 
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7.40. Remark. The {q, K)-modu\e Aq(A) does not occur in Howe's theta corre- 
spondence from a symplectic group smaller than Sp2„(IR). 

Proof. Let k < n. It follows e.g. from [531 Cor. 3 (a)] that as a X-module 
CP(C*'''")+ = Sym((CP)®'^) docs not contain V{n). As V{n) occurs as a i^T-typc in 
( A) (8) S^x] {V) it follows from the proof of Theorem 17.321 that (A) does not occur 
in Howe's theta correspondence from Sp2fc(M). □ 

Part 3. Geometry of arithmetic manifolds 

8. COHOMOLOGY OF ARITHMETIC MANIFOLDS 

8.1. Notations. Let F be a totally real field of degree d and A the ring of adeles 
of F. Let V he a nondegenerate quadratic space over F with dim^^l/ = m. We 
assume that G = SO(T^) is compact at all but one infinite place. We denote by vq 
the infinite place where SO(y) is non compact and assume that G{Fyg) = SO(p, q). 
Let G = GSpin(y) be the set of all invertible elements in the even Clifford algebra 
such that gVg^^ = V. There is an exact sequence 

(8.1.1) l^i^*^G^G^l, 

where F* is the subgroup of the center which acts trivially on V. We denote by 
Nspin : G ^ F* the spinor norm map and let G"^°'' be its kernel. We finally let 

D = SOoip,q)/{SO{p)xSO{q)). 

8.2. Arithmetic manifolds. In this paragraph we mainly follow [45l §1]. For any 
compact open subgroup K C G{Af), we denote by K its preimage in G(A/) and 
let _ _ 

Xk = G(F)\(SO(p,(z) X G(A/))/(SO(p) x SO(g))if. 

The connected components of Xk can be described as follows. Write 

G(A/) = U,G{F)+g,K. 

Here G{F)^ consists of those elements whose spinor norm - viewed as an element 
of F* - is totally positive, i.e. lies in F^_^ = (K^)'^ where d is the degree of F/Q. 
Then 

XK = u,rg^\D, 

where Tg. is the image in SO{p, q)o of 

r'g^^G{Fhng,Kgj\ 

Since the group G'^"'' is connected, simply connectec0 and semisimple, the strong 
approximation theorem implies (see e.g. |59| Thm. 5.17]) that 

MXk) = GiF)+\G{Af)/K = A7F;Nspin(/0 

where F* denote the closure of F*F^^ in A*. 

Wc let Fa' = Fi and Yk = Tk\D be the associated connected component of Xk- 
These are the arithmetic manifolds we are interested in. Note that the manifolds 
considered in the introduction arc particular cases of these. 



Here we work in the algebraic category; connected means Zariski-connected and a semisimple 
group G is simply connected if any isogeny G' ^ G with G' connected is an isomorphism. 
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B.3. The group t:o{Xk) acts on Xk by permutation of the connected components; 

= ^(T6A*/-F*Nspin(A')-^^- 



For any x G G(A/), let L be the projection of xKx~^ in G{Af). There is a 
natural map Xk — > Xl given by right multiplication by x~^. Its restriction to the 
connected component Yk gives a map 

_j. y^spin(x) 

8.4. Differential forms. Let {p, E) be a finite dimensional irreducible represen- 
tation of Goo — SOo(p, q). Let Koo = SO(p) x SO(g). The representation p\k^ on 
E gives rise to a Goo-cquivariant Hermitian bundle on £), namely, [E x Goo)/Kao, 

where the i^oo-action (resp. Goo-action) is given by {v,g) A [p* {k^^)v , gk) (resp. 
(w, (7) {v^xg)). There is, up to scaling, one Goo-invariant Hermitian metric on E. 
We fix an inner product {^)e in this class. We denote this Hermitian vector bundle 
also by E. Note that this bundle is Goo-equivariantly isomorphic to the trivial 
vector bundle E x D, where the Goo-action is via x : {v,gKoo) >— > {p* {x)v,xgKao). 
Smooth sections of E are identified with maps C°°{G,E) with the property that 
figk) = p*{k-^)f{g). 

8.5. Now let Tk = Li as above and keep notations as in section [5] with G (resp. 
K) replaced by Goo (resp. Koo)- The bundle of valued differential A:- forms on 
Yk = ^k\D can be identified with the vector bundle associated with the i^oo- 
representation A'^'p* E. Note that A'^p* E is naturally endowed with a i^oo- 
invariant scalar product: the tensor product of {,)e with the scalar product on 
A*''p* defined by the Riemannian metric on D. The space of differentiable i?-valued 
A:- forms on Yk, denoted il''{YK,E), is therefore identified with 

(G°°(rK\Goo)®S® A^-p*)'^=° ^Hom^^ {a'^P, C°"{Tk\G 00) E) . 

A compactly supported element ip G il'^{YK,E) defines a smooth map TkXGco ^ 
a'^P* eg) E which satisfies: 

v{gk)^A''ad;{k-^)<E)p*{k-^){^{g)) (g G Goo, fc G Xoo) 

so that the norm 

ip>-^ \\(p{xKoo)\\lkp,(^Edx 

is well defined. The space of square integrable fc-forms fi^j) 0^k,E) is the completion 
of the space of compactly supported difi'erentiable S-valued fc-forms on Yk with 
respect to this latter norm. 

8.6. The de Rham complex. The de Rham differential 

d:n''{YK,E) n''+\YK,E) 

turns n'{YK, E) into a complex. Let d* be the formal adjoint. We refer to dd* +d*d 
as the Laplacian. It extends to a self-adjoint non-negative densely defined elliptic 
operator A^'^'' on fl'^^^{YK , E) , the form Laplacian. We let 

^''{YK,E) = {ojen'(^)(YK,E) : Af = 0} 

be the space of harmonic fc-forms. Hodge theory shows that D{''{Yk, E) is isomor- 
phic to E[(2) {Yk, E) - the reduced L^-cohomology group - when Yk is compact the 



52 



NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN 



latter group is just H''{Yk , E) the fc-th cohomology group of the de Rham complex 
n*(YK, E). We wiU mainly work with ■K^{Yk,E). 

8.7. Let (tt, V^tt) be an irreducible (g, ii'oo)-module and consider the linear map: 

: Homx^ (A*p, V^) ® Homg^^^ [V^ , {T k\G oo) ® E) ^ f]^^) [Yk^E) 

which maps ?/> (g) </? to 93 o f/;. The image of is either orthogonal to 5^'"'(Yfs-, iJ) 
or H''{q, Koo'tVtt (X) 7^ i.e. tt is cohomological. In the latter case we denote by 
■K''{Yk,E)^ (resp. h\^^{Yk,E)^) the subspace oi'K''{YK,E) (rcsp. h\^){Yk,E)) 
corresponding to the image of T^. 

A global representation a G A'^{SO{V)) with ii'-invariant vectors and such that 
the restriction of a^^ to SOo(p, 5) is isomorphic to tt, and is trivial for every 
infinite place v ^ vq, contributes to 

I{oxn^^KAy-^,L\TK\Goo)®E). 

Wc denote by H^^^^{Yk^ E)t^ the corresponding subspace of 'K^{Yk, E)^, (obtained 
using the map T^). 

Let rriKij^) be the multiplicity with which tt occurs as an irreducible cuspidal 
summand in L'^{T k\Goo)- It follows from Matsushima's formula, see e.g. [12], that 

H^^,^iYK,E)^ = mK{n)H''i5, K^; ® E). 

8.8. Since Xk is a finite disjoint union of isometric copies of Yk wc may eas- 
ily translate the above definitions into JC''{Xk,E), 3<''{Xk,E)t^, H^^^p{XK, E)^^, 
etc. . . 

Moreover: each of these spaces inherits an action of the abelian group ttq{Xk) — 
A* / F*'Nspm{K) . Therefore we have a decomposition: 

Hcnspi^K, E)t,=^ H^^^^{Xk, E)^ 

X 

into isotypical spaces for the characters x of t^q{Xk)- These can be identified with 
characters of the profinite abelian group 

TTo = lim7ro(XK). 

K 

Similarly we se 

-f^cusp(Sh(G), E)t, = liniiJ^y3p(Xx, E)^, 

K 

and 

i7Lp(Sh"(G),i?). = \unH^;,,^{YK,E)^. 

K 

Note that the former inherits an action of tto and as such has a decomposition: 
Ht,^{Sh{G),E)^ = 0iJ^,3p(Sh(G),i?)J 

X 

into isotypical spaces for the characters x of ttq. 

Now the inclusion map Yk — > Xk yields a surjective map 

Hcuspi^K, E)t, H^^^^^{Yk, E)^. 
-'^''Xhese are only notations. We won't consider such spaces as Sh(G) or Sh''(G). 
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As these inclusions have been chosen in a compatible way we get a surjective map; 

8.9. Twisting. Let w e H^^„,p(Sh(G), £;)J and let If be an open compact subgroup 
of G{Af) such that: 

(1) ^eH^^,^{XK,EU 

(2) X is a character of ttq{Xk). 

Denoting by cuq the image of lo in i/^^gp(Sh°(G), E)^, we have ujq g i/^„sp(YR-, i?)^; 
it is the restriction of uj to Yk- Extending by on all the other components of 
Xk we may think of as a cohomology class in H^^^^{Xk:E)tj. Since 'Ko{Xk) 
acts (simply transitively) on the set of connected components of Xk and therefore 
on HI:^^p{Xk,E)^, we have: 

creiTo{XK) 

Now if T] is any character of ttq = lim-^^ ttq^X^) there exists a compact open sub- 
group L C K such that ?7 is a character of 7ro(Xi). Let p : Xl ^ Xk be the covering 
map corresponding to the inclusion L C K. The image of w in H'^^^^[Xl, E).,^ is 
p*ui\ by a slight abuse of notations we still denote it by w (which is more accurately 
an element in i^^^gp(Sh(G), E)tj). Similarly the map p restricts to a covering map 
Po -Yl ^ Yk and we still denote by ljq its image PqUJq € H^^^p(YL, E)-^. Extending 
wq by on all the other components of X^ we may think of ojq as a cohomology 
class in H^^^^{Xl-,E).,^. We then define: 

Note that cj,,, e i?^'=^^,p(Sh(G), £;)f' maps to the same element as w in i?^^^,p(Sh°(G), £■) 

8.10. Cohomology classes arising from the 6'-correspondence. Fix (tt, V^r) a 
cohomological irreducible (g, /iroo)-niodule such that 

H''{q,K^-V^®E)^Q. 

Note that i7^^gp(Sh(G), E) is generated by the images of H^{q, Koo', <j <E) E) where 
a varies among all irreducible cuspidal automorphic representations of G(A) which 
occur as irreducible subspaces in the space of cuspidal automorphic functions in 
L'^{G{F)\G{A)) and such that (jy is the trivial representation for each infinite place 
V 7^ vq- We let 

H^{SHG),E)cH^^,^iShiG),E) 

be the subspace generated by those a S A'^{SO{Vj) that are in the image of the 
cuspidal ip-theta correspondence from a smaller group, see ^14. II And we define 

H^{Sh{G),E)^ = H^iSh{G),E) n H^,,,^{Sh{G), E)^. 

Remark. We can fix one choice of nontrivial additive character ip: Every other 
nontrivial additive character is of the form ipt : x ^ ipitx) for some t Cz F* . 
Notations being as in one then easily checks that 
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where the automorphic representation tt^ is obtained from twisting tt' by an auto- 
morphism of Mp(X). We may thus drop exphcit reference to tp. 

We can now state and prove the main theorem of this section. 

8.11. Theorem. Assume?: is associated to a Levi subgroup L = S0{p—2r,q)x\]{iy 
with TO — 2r — 1 > ^. Then: the natural map 

is surjective. 

Proof. It foUows from Corohary HJU] and Theorem [O] that H^^^p{Sh{G), E)^ is 
generated by the images of H'^{q, Koo \ {c ® rj) ® E) where the representations a e 
A'^{?)0{V)) are in the image of the cuspidal -0-theta correspondence from a smaller 
group and such that the underlying (g, ifoo)-module of ct„q is isomorphic to tt, 
each (Ti, (for v ^ infinite) is the trivial representation, and ry varies among all 
automorphic characters of G(A). 
Note that G{Af) acts on 

\unn''{XK,E) ^RomK^{A''V,C°°{G{F)\{SO{p,q) x G{Af)) (g) E) 

K 

by right translation. This yields actions on H^^^^iS^G) , E) and H^^^^{Sh{G),E)^ 
that are easily seen to commute with the action of ttq. Indeed: if we denote by 
Gf the closure of G(F)+ in G{Af), the spinor norm Nspin identifies the quotient 
G{F)+\G{Af) with the abelian group ^fo- This allows to identify G°°{G{F)\{SO{p, q)x 
G{Af))) with the tensor product 

C°°{G{F)\{SO{p, q) X Gf)) ® C°^{no) = lim [C°^{Yk) <E) C°°{MXk))] ■ 

K 

And the action of G{Af) by right translation commutes with the action of ttq 
through the regular representation in C°° (tt o ) . 

The image of each H'^ (g, Koo {a (S) r/) (E) E) is therefore contained in an isotypical 
space iJ^ygp(Sh(G), E')^. Moreover: the character r] of G(A/) induces a character 
of TTo and if uj belongs to the image of H'^{q, Koo] {<7®rii)®E) in i7^^gp(Sh(G), E')^, 
then w^-i belongs to the image of H^{q,Koo\o- ® E). Theorem 18.111 now follows 
from ij8.9l as lo and w^-i have the same image in i7^^gp(Sh"(G), E)^^. □ 

8.12. The following remark follows from Proposition 16.81 

Remark. If we assume Conjecture 16.41 then Theorem 18.111 remains valid as long 
as p > 2r and to — 1 > 3r. As motivated in ij6.12l we moreover believe that these 
conditions are necessary. 

It is not true in general that the automorphic representations of SO(F) that are 
in the image of the cuspidal theta corespondence from a smaller group are cuspidal. 
This is the reason why in the next theorem we assume that V is anisotropic. 

One can therefore deduce from Theorem 18 . 1 1 1 the following: 

8.13. Theorem. Assume that V is anisotropic. Let r be a positive integer such 
that m — 2r — 1 > i and let tt — Aq{X) be a cohomological (g, i^oo) whose associ- 
ated Levi subgroup L is isomorphic to SO(p — 2r, q) x U(l)'' and such that A has at 
most r nonzero entries. Then: the global theta correspondence induces an isomor- 
phism between the space of cuspidal holomorphic Siegel modular forms, of weight 
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S\{C^)* C_:m. at vq and of weight C_™ at all the others infinite places, on the 
connected Shimura variety associated to the symplectic group Sp2j.|f md the space 
if^,%(Sh"(G),5[A](l-))^. 

Proof. The surjectivity follows from Theorem 18.111 and Theorem l7.32l The injectiv- 
ity follows from Rallis inner product formula [69]. In our case it is due to Li, see the 
proof [531 Theorem 1.1]. More precisely: let /i, /2 two cuspidal holomorphic Siegel 
modular forms of weight {S\{C'^)* (g) C_™ ) (E) C_™ (g) . . . (g) C-m. on the connected 
Shimura variety associated to the symplectic group Sp2r I f ■ These are functions in 
L^(Mp(X)\Mp2r(A)) which respectively belong to the spaces of two cuspidal auto- 
morphic representations a'^, a'2 S A'^{M-p{X)). And Rallis' inner product formula 
- as recalled in [S31 §2] - implies that if 0i and (/)2 are functions in S(1/(A)'') then: 

/fl/i fl/2 \ _ / !Mp(k)Mh)(t)i,h){(^' {h)fi, f2)dh if cr'i = CT^ = ct', 

We are thus reduced to the case where a'l = 0-3 . But the integral on the right-hand 
side then decomposes as a product of local integrals. At each unramified finite 
place these are special (non- vanishing) values of local L- functions, see |53l §5]. It 
therefore remains to evaluate the remaining local factors. And Li proves that these 
are non-zero in our special case where a'^^ is a holomorphic discrete series of weight 
S'a(C) (g C™. and <t^ {v infinite, v 7^ vq) is the trivial representation. □ 

9. Special cycles 

9.1. Notations. We keep notations as in i j8.ll and keep following the adelization 
[15] of the work of Kudla-Millson. We denote by (, ) the quadratic form on V and 
let n be an integer Q < n < p. Given an rt-tuple x = {xi, . . . ,x„) € we let 
U = C/(x) be the i^-subspace of V spanned by the components of x. We write 
(x,x) for the n x n symmetric matrix with ijth entry equal to {xi,Xj). Assume 
(x, x) is totally positive semidefinite of rank t. Equivalently: as a sub-quadratic 
space U C V is totally positive definite of dimension t. In particular: < t < p 
(and t < n). The constructions of the preceeding section can therefore be made 
with the space IJ-^ in place of V. Set H = SO{U-^). There is a natural morphism 
H ^ G. Recall that we can realize D as the set of negative g-planes in Vug. We 
then let Dh be the subset of D consisting of those g-planes which lie in U^^ . 

9.2. Special cycles with trivial coefficients. Let U = C/(x) as above. Fix 
K C G{Af) a compact open subgroup. As in ^18.21 we write 

G{Af) = U,G{F)+g,k. 

Recall that 

T'g^=G{F)+C^g,Kg-\ 

We set 

^'a,.u = H{F)+ n g.Kgj' = H{F) n F;,^. . 
Let Tg- ij be the image of F^. jj in SO(p — t, q)^. We denote by c(C/, gj,K) the image 
of the natural map 

(9.2.1) T,^,u\DH^rg^\D, Tg^^uz^Tg^z. 

Remark. For K small enough the map (|9.2.ip is an embedding. The cycles Gjj := 
c{U,l,K) are therefore connected totally geodesic codimension t submanifolds in 
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Yk- These are the totally geodesic cycles of the introduction for the particular Yk 
considered there. 

9.3. We now introduce composite cycles as follows. For f3 e Sym„(i^) totally 
positive scmidcfinitc, we set 

17/3 = |x e V" : ^(x,x) = /3 and dim[/(x) = rank/jj . 

Then T'g^ acts on f2^(i^) with finitely many orbits. Given a X-invariant Schwartz 
function (p G S(V'(A/)") we define 

(9.3.1) Z{(3,^,K)^Y1 E ^(57'x)c(C/(x),5„A0. 

j xea^(F) 

mod r' 

Let t = rank(/3). Being rapidly decreasing any cuspidal q{p — t)-form can be in- 
tegrated along Z{f3,(p, K). Using the canonical pairing between H^^^p{Xk) and 

Hcnsp*\XK) we can thefore associate to Z{p,ip,K) a class [/?, G H^I^^^{Xk)- 
We let 

[/3,^] [/3,^]"Ae;-*eif,«,%(Xx) 

where we abusively denote by Cq the Euler form (an invariant q-form) dual to the 
Euler class of section [5l 

9.4. Special cycles with nontrivial coefficients. Following [26] we now pro- 
mote the cycles ()9.3.ip to cycles with coefficients. 

Let A be a dominant weight for G expressed as in §5.101 Assume that A has at 
most n nonzero entries and that n < p. Then A defines a dominant weight Ai > 
. . . > A„ of U(n) and as such a finite dimensional irreducible representation S'a(C") 
of U(ri) and thus of K' . As above we denote by S[x]{V) the finite dimensional 
irreducible representation of G with highest weight A. 

Fix a neat level K so that each F^^ . [/(x) in (|9.3.ip acts trivially on U{x.). The 
components xi,...,Xn of each x are therefore all fixed by F^^. [/(x)- Hence any 
tensor word in these components will be fixed by ^gj^u{x)- Given a tableau T on 
A, see [24]0 we set 

c{U{jc),gj,K)T = c{Uix),gj,K)®XT. 

Here x^ G S[x] {V) is the harmonic tensor corresponding to T. We can similarly de- 
fine Z(/3, if, K)t as a cycle with coefficient in S[x] {V). We let [/3, ip\j., resp. [(i, (/jJt, 
be the corresponding element in H^I^^{Xk,S[x]{V)), resp. H^1^^^{X k , S[x]{V)) . 
We finally define 

e Hom(5A(C"),if,9^,p(XK,5[;,](F)) 
as the linear map defined by 

[P,Lp\x{eT) = [P,v\t 

where (ei, . . . , e„) is the canonical basis of C" and ct is the standard basis of 5a(C") 
parametrized by the tableaux on A. 



Note that a tableau is called a semistandard filling in |26| . 
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9.5. Back to the forms of Kudla-Millson and Funke-Millson. Recall from 
§7.131 that we have defined an element 

VnqAM e Hom(5A(C"),HomK^(A"«p,S(y(F„J") ® S[^]{V))). 

The quotient space 

D := G{F,„)/K^ ^ SO{p,q)/{SO{p) x SO(g)) 

is disconnected and is the disjoint union of two copies of D. We let ^'{D, S[\]{V)) 
denote the complex of smooth S'ja] (l/)-valued difFcrentiable forms on D: 

Fixing the base point zq = eK in D, we have an isomorphism 
(9.5.1) 



life 



given by evaluating at zq. We therefore see (Pnq,[\] as an element 



V'ngjA] e Hom 5a(C"), S{ViF,„r) (g> n^^D, S[^^{V)) 



G(F„„) 



9.6. Consider now a positive definite inner product space V+ of dimension m over 
M. We may still consider the Schwartz form ipQ G §{V"). Recall that through the 
identification of the Fock space as a subspace of the Schwartz space we get: 

(poi'x.) = exp(-7rtr(x,x)). 

Then, under the Weil representation lu+ of Mp(n,M) associated to V+, we have 

If x e VI' with i(x, x) = /3 e Sym„(R), then for g' e Mp2„(M) we set 



(9.6.1) 



VFM.9')=w+(.9')^o(x). 



9.7. Dual forms. Now we return to the global situation. Let n be an integer with 
1 < n < p. We fix a level K and a /^-invariant Schwartz function ip e S(F(A/)"). 
Define 

(9.7.1) (j) = (^„,,[A] ® { ifio) (E> (p 

v\oo 

V^VQ 



€ Hom 5a (C"), S(T/(A)") ^ ^2"«(D, 5[a] (F)) 



We may then form the theta function 0^,(i>{g,g') as in W2,.'6\ As a function of g 
it defines a 5[a] (F)-valued closed ng-form on Xk which we abusively denote by 
Onq \ig' Let [Onq \{g' t'p)] bc the (projection of the) corresponding class in 
Hom(5A(C"),i7~ip(XK,5[A](l^)*)). 

For g' e Mp2„(IR)'^ C Mp2„(A) and for /3 e Sym„(F) with /3 > 0, set 

v\oo 

The following result is proved by Funke and Millson [521 Theorems 7.6 and 7.7]; 
it is a generalization to twisted coefficients of the main theorem of [15]. The way 
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we rephrase it here in the adehc language is due to Kudla [45] . RecaU that rapidly 
decreasing q(n — p)-fornis can be paired with degree nq cohomology classes. We 
denote by (, ) this pairing. 

9.8. Proposition. As a function of g' G Mp2„(A) the cohomology class [Onq,x{g' , ^)] 
is a holomorphic Siegel modular form of weight S\{C")* ® with coefficients 
in H^"gp{XK, E\). Moreover: for any rapidly decreasing closed q{p — n)-form rj on 
Xk with values in Syx]^{V), for any element g' £ Mp2„(M)'* C Mp2„(A) and for 
any K-invariant map f S §(V{Af)"') the Fourier expansion of {[6nq^\{g' ,ip)],r]) is 
given by 

I3>0 

9.9. Definition. We let 

be the subspace of 7?g''(Sh(G), S'[a](V"))a,(A) generated by those a € A%SOiV)) 
that are in the image of the cuspidal i/'-theta correspondence from Mp2„ (A) where 
the infinite components <pu of the global Schwartz function (jj satisfies 

fvo = V«g,[A] and Lpy = .^0, w|oo, v ^ uq. 

We will call the corresponding map from the space of Siegel modular forms 
tensored with the Schwartz space of the finite adeles to automorphic forms for 
SO(y) the special theta lift and the correspondence between Siegel modular forms 
and automorphic forms for SO(y) the special theta correspondence. We will denote 
the special theta lift evaluated on /' (X) by Onq^\{f' ^ f). 

10. Main theorem 

10.1. Notations. We keep notations as in the proceeding paragraphs. In particular 
we let A be a dominant weight for G expressed as in ijS.lOl We assume that A has 
at most n nonzero entries and that n < p. We let q be the 6'-stablc parabolic 
subalgebra of g described in §7.191 

We let S'C"''(Sh(G), S[x]iV)) be the subspace of if^7,p(Sh(G), S[x]{V))a^(\) spanned 
by the projection on the relevant ifoo-type of the images of the classes [(3, (p]\. 

10.2. Let K he a. compact-open subgroup of G(Af). Any iiT-invariant classes in 
5C"?(Sh(G),S'[A](F)) defines a class in HJ^^^^iXK , Six](V))a,{x)- And it follows 
from [351 Corollary 5.11] that 

SC"''{Xk,S[x]{V)) := 5G"?(Sh(G),5[,](F))^ 

is precisely the subset of H^^gp{XK, S[x\{V))a^{x) spanned by the projections of the 
images of the classes [/3^ip\\ for /C-invariant functions ip. 

Note that if X G V" and (x, x) is totally positive semidefinite of rank t < n, 
the wedge product with e^"* of the special cycle with coefficients c{U{x.),l, K)t 
defines a class in H^^l^iYK, Six]{V)). We let 5[a](V^)) be the subspace of 

H^^gp{YK, S[x] {V))a (A) spanned by the projections of these classes. The restriction 
map Xk Yk (restriction to a connected component) obviously yields a map 

(10.2.1) 5G"«(Xk,5[a](1^)) ^ Z^^^{Yk,S^x]{V)). 

We don't know in general if this map is surjective or not. It will nevertheless follow 
from Theorem 110.101 that in small degree the map (|10.2.ip is indeed surjective. 
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10.3. The special theta lift is onto the y4q(A)-isotypic component of the 
image of the general theta lift. In this subsection we carry out what was cahed 
step 2 in the introduction. This subsection is the analogue for general SO {p,q) of 
subsections 6.8 - 6.11 of [33j . In particular we now recall their Lemma 6.9. We 
need the following definition of the complex linear antiautomorphism Z — !■ Z* of 
U{q'). For Z e U{g') with Z = X1X2 • • • X„ we define 

Z* = (— l)"X„X„_i • • • Xi. 

Now for general Schwartz functions ip and Siegel automorphic forms / we have the 
following 

10.4. Lemma. For Z e U{g') we have 

e{zf,^)^e{f,z*^). 

Proof. See Lemma 6.9]. □ 

We now show that the projected special theta lift 9nq,\ is onto Hg'^(Sh{G), S[x] {V))a^ (^x) 
that is we have: 

10.5. Theorem. 

Proof. In what follows we will use the following simple observation to produce the 
commutative diagram (|10.5.3p below. Suppose iJ is a group and we have iJ-modules 
A, B, U, V. Suppose further that we have 7?-module homomorphisms ^ : U ^ V 
and : i? — > y4. Then we have a commutative diagram 

HomH(y4,[/) — ^ Hom(A,V^) 

(10.5.1) 1*. 

Hom(B,C/) > llom{B,V) 

Here is postcomposition with $ and is precomposition with ^. 

In what follows H will be the group Koo ■ We now define /Coo-module homomor- 
phisms <& and 5" that we will concern us here. We begin with the (g, /^oo)-module ho- 
momorphism Let i?A<|(A) be the subspace of smooth vectors in L^(G(Q)\ G(A)) 
which is the sum of the spaces of those representations a G A'^{SO{V)) such 
that 

• cr«olsOo(p,q) = ^q(-^)- 

• (T„ is the trivial representation for all the infinite places v ^ vq (note that 
at such places v we have G{F.u) = SO{p + q))- 

• (T is in the image of the cuspidal tjj-theta correspondence from Mjp(X). 

As explained below Corollary 16.101 Remark 17.401 forces the dimension of the sym- 
plectic space X to be exactly 2n. We now realize Hj^ (^x) ^ts a subspace in 

L^G{F)\SOo{p,q)xG{Af)). 

As explained in §8.71 we have: 

H"'^iShiG),S[x]{V))A,w = H-''i3,K^,HA^(x)®S[x]{V)). 

But by Proposition 5.4 of [75] we have 

(10.5.2) H^^is, Xoo, i^A,(A) ® ^[A] {V)) = HouiK^ [Vin, A), i?A,(A)). 
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Now let ttq (resp. tt') be the holomorphic discrete series representation of 
Mp(27i,R) with lowest K-type (having highest weight) S'a(C") (g) (resp. C^). 

As recalled in ^4.11 the lowest i^oo-type V{n, A) has a canonical lift V{n, A) to 

0{p)xO{q). We let Aq{X) be the unique irreducible unitary representation of 0(p, q) 

with lowest A'-type V{n, A) and the same infinitesimal character as Aq(A), see [32j 

§6.1] for more details. It follows from [S3] that ttq corresponds to ^q(A) under the 
local theta correspondence Mp(2n, R) x 0{p, q) and that tt' corresponds to the trivial 
representation of 0{p+q) under the local theta correspondence Mp(2n, M) xO{p+q). 
Let H'^, be the subspace of L^(Mp(2n, Q)\Mp(2n, A)) which is the sum of the sub- 
spaces of smooth vectors H'^, of those representations a' G A'^(Mp{X)) such that 

• = tt' for all the infinite places v vq (note that at such places v we have 
G{F,)^SOip + q)). 

We realize the oscillator representation as a (0,^00) x G'(A/)-module in the 
subspace 

S{V{F^X)xHV{Ajr)cS{ViAr). 
Here the inclusion maps an element {(poo, ^) of the right-hand side to 

v\oo 

V^Vq 

where the factors (po at the infinite places v not equal to vq are Gaussians, the unique 
element (up to scalar multiples) of the Fock space J'(y(F„)") which is fixed by the 
compact group SO(y(j;)). We abusively write elements of S(y(K,J") x§(y(A/)") 

as ifac, (g) ip. 

From now on we abrcviatc H = Hj^^(^x)i H' = H'^, and 

s = s(y(^^„j") X §(i^(A;)"). 

It follows from the definition of the global theta lift (see H2.4[) that for any f G H' 
and (j) gS the map / (g) (/) 0^ ^ is a (g, iiroo)-module homomorphism from H' ®S 
to the space H. We will drop the dependence of ip henceforth and abbreviate this 
map to 9 whence /g)0 1-^ 9{f®4)). Then in the diagram (jlO.S.ip we take U ~ H'(E)S 
undV ^ H and $ = 6I. 

We now define the map 5". We will take A as above to be the vector space 
A"''(p) (g) S[x]{V)*, the vector space B to be the submodule V{n,X) and * to be 
the inclusion iv{n,x) '■ ^i'lT'T^) — ^ A"'^(p) (g S[x]{V)* (note that there is a unique 
embedding up to scalars and the scalars are not important here). 

From the general diagram (|10.5.ip we obtain the desired commutative diagram 
(10.5.3) 

H' <E)RomK^{A"i{p) <E> Six]{V)* ,S) Hom^^ (A"?(p) ® ^[a] (^)*, i^) 



H' <E>RomK^{Vin,X),S) llomK^{V{n, X), H) = H'^^{Sh{G), Six]{V)) 

Then 

Hl'^Sh{G),S[x]iV)) = Image(*t.(„,^) 06,). 
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Now we examine the diagram. Since V{n, A) is a summand, the map on the left 
is onto. Also by Corollary 15.61 the map on the right is an isomorphism. 

We now define U^^^ to be the affine subspacc of Hom/f^(A"^(p)®S'[A](T^)*, S) 
defined by (poo = Vnq,[x]- 

The theorem is then equivalent to the equation 

(10.5.4) i*y^^^^ o e^H' ® C/^„, ,,,) = Image(jt,„^^ o 9,). 

Since the above diagram is commutative, equation (|10.5.4p holds if and only if we 
have 

(10.5.5) 0.o*^^^^^(i?'®[/^„^ ,^,) =Image(*t.„,^o(?,) =iJ7(Sh(G),5[A](F))^,(A). 

Put ?7i^„g [;^] — ^v^g ^{Uifi„g i^])- Since the left-hand vertical arrow iy/^^ X) onto, 
equation (|10.5.5p holds if and only if 

(10.5.6) ^*(^'® t^¥>„,,w) = 9,{H' (g)}lomK^iV{n,X),S)). 
We now prove equation (|10.5.6[> . 

To this end let ^ e 9^,{H' (X) Homi^^ (F(n, A), S)). Hence, by definition, there 
exists = ipoo <E) f G HoniA'^ (^("-j S) and f £ H' such that 

(10.5.7) 0*(/®0)=e 

We claim that in equation (|10.5.7p (up to replacing the component /„,-, ) we may 
replace the factor 9300 of (j) by fnq.[\] without changing the right-hand side ^ of 
equation (|10.5.7p . Indeed by Theorem 17.321 there exists Z G U{sp2n) such that 

(10.5.8) ip-ua = Zipnq^[x]- 

Now by Lemma 110.41 (with slightly changed notation) we have 

(10.5.9) 9,{f(g)Z(l))^9,{Z*f(g)(f>). 
Hence setting f'~Z*f we obtain, for all f E H' , 

e = 6l,(/® (^eo®<^)) 

= ^*(/®(^^n,,[A]®^)) 

= 9,{f (E){ip^g,[x](E>^p))■ 
We conclude that the image of the space H' U^p^^ under 9^, coincides with the 
image of H' ® Houik^ {^{^^ -^)i S) required. 

□ 



Remark. The reader will observe that equation p0.5.2p plays a key role in the 
paper. Roughly speaking, it converts problems concerning the functor 

i/"n0,^oo,-®5[A](V')) 

on (g, _R'oo)-niodules to problems concerning the functor Hom^'^^ (V^('^, A), •). The 
first functor is not exact whereas the second is. 
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10.6. Special cycles span. In this section we will prove that the special cycles 
span at any fixed level. First as a consequence of Theorem 110.51 we have: 

10.7. Proposition. We have an inclusion 

i/;'(Sh(G),5[,](^^))^,(^) c 5C"'?(sh(G),5[,](F). 
Proof. By Theorem 110.51 in the statement of Proposition 110.71 we may replace 

ij;'(Sh(G),5[,](F))^,(^) 

by 

Wc then use proposition 19.81 Since cusp forms arc rapidly decreasing we can pair 



classes in HlZp{SHG), Six]{V)) with classes in i7^usp^^'^(Sh(G), 5[a](F)*). Wc de- 
note by (, ) this pairing. It is a perfect pairing. Hence letting 5'G"*(Sh(G), {V))^ 
and iJ7(Sh(G), iV))\^ denote the respective annihilators in ijius7''^(Sh(G), S[x] (V)* 
it suffices to prove 

(10.7.1) 5G"«(Sh(G),5[,](T/))-^ c J/;'(Sh(G),5[A](y))i^(;,). 

To this end let -q e SC'"J{Sh{G), S[x]{V))^ C i?iSsp"^''(Sh(G), Assume 
r] is if -invariant for some level K. It then follows from proposition 19.81 (see 
Theorem 7.7] in the classical setting) that for g' e Mp^nW^ C Mp2„(A) the 
Fourier expansion of the Siegel modular form 



9^{v):={[e^g^x{g\^)],r^){^ / 0„,,a(5', ^) A 77) 

JXk 

is given by 

f3>0 

In particular: since rj is orthogonal to the subspace 

SC-^Sh{G),Six]{V)) c ff~ip(Sh(G),5[A](^)) 

generated by the projections of the forms in the image of [/3, ip]\ then all the Fourier 
coefficients of the Siegel modular form dip{i]) vanish and therefore 6*^(77) = 0. But 
then for any / e H^, (cr' e A''{Mp{X))), we have: 



VAO{f,^)[ip^^,[x]] = / 9^{r^)f{g')dg' ^0. 

Xk JMp(X)\Mp2„(A) 

This forces 77 to be orthogonal to all forms ^(/, 'y3)[(^„q j^jj] hence we have verified 
equation (jl0.7.ip and hence proved the proposition. □ 

10.8. Remark. Wc do not know if the reverse inclusion holds in proposition 110.71 
It obviously follows from theorem 18.111 that it holds when 2n < m ~ t — 1 but the 
relation between cycles and 0-lifts is less transparent near the middle degree, we 
address this problem in conjecture 115.101 
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10.9. Now Proposition [TOTtI and Theorem l8JT] inipl#^ that if 2n < m - - 1 the 
natural map 

is surjective. 

Taking invariants under a compact open subgroup K C G{Af) we get the fol- 
lowing: 

10.10. Theorem. Suppose 2n < m — £ — 1. Then, for any compact open subgroup 
K C G{Af), the natural map 

SC-'^{XK,S[^^iV)) ^ -ffc7sp(y/^,'9[A](l^))A,(A) 

is surjective. In particular: 

10.11. Remark. If we assume Conjecture 16. 41 then Theorem 110. 1 01 remains valid as 
long asp > 2n and m— 1 > 3n. As motivated in i i6.12l we moreover believe that these 
conditions are necessary. The decomposition of L'^{G{F)\G{A)) into irreducible 
automorphic representations yields a decomposition of H*{Sh'^{G), S[xj{V)) and, 
when m — 1 < 3n, one may try to classify which automorphic representations 
contribute to the part of the cohomology generated by special cycles. This is 
adressed in Theorem 1 1 5 . 91 and Coni ecture 1 1 5 . 1 Ol 

Part 4. Applications 

11. Hyperbolic manifolds 

11.1. Notations. Let notations be as in the preceeding section. Assume moreover 
that G is anisotropic over F and that q ^ I. For any compact open subgroup K C 
G{Af), the connected component Yk is therefore a closed congruence hyperbolic 
p-manifold. These are called "of simple type" in the introduction. We point out 
that in that case the Euler form is trivial {q is odd) so that special cycles are totally 
geodesic cycles. 

11.2. Proof of Theorem [TTSl First note that if ti < i [|] then 2n < m - I - 1 
so that Theorem 1 1 . 1 01 applies . We consider the case where A = 0. 

Let K C G{Af) be a compact open subgroup. Since Yx is closed the cohomology 
of Yk is the same as its cuspidal cohomology. And it follows from the first example 
of ijS.lOl that Aq{0) - with q as in ij7.19l - is the unique cohomological module with 
trivial coefficients which occurs in degree n. The natural projection map 

H-iYKX)^Hl\,^(YK,C)A,io) 

is therefore an isomorphism and we conclude from Theorem 110.101 that H'^{Yk,C) 
is spanned by the classes of the special (totally geodesic) cycles. As these define 
rational cohomology classes Theorem 11.51 follows. 

Remark. If we assume Conjecture 16.41 then Theorem 11.51 remains valid as long as 
n < |. As motivated in ji6.12[ this is certainly the best possible bound in general 
as cohomology classes of 3-dimensional hyperbolic manifolds are not generated by 



Note that the (g, Xoo)-module Aq (A) is associated to the Levi subgroup L = SO(p — 2n, q) X 
U(l)". 
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classes of special classes in general, see Proposition 1 1 5 . 1 4l for an explicit counterex- 
ample when p = 3 and n = 1. 

11.3. Proof of Theorem 11.71 First note that if p > 6 then m — £ — 1 >2so that 
Theorem 110. 1 01 applies . We consider the case where A = (1, 0, . . . , 0) or (2, 0, . . . , 0). 
In the first case S[x]iV) = C^^^ and in the second case is isomorphic to the 

complexification of 3-C^(R^+^) - the space of harmonic (for the Minkowski metric) 
degree two polynomials on E^^^. 

Let K C G{Af) be a compact open subgroup. Since Yk is closed the cohomology 
of Yk is the same as its cuspidal cohomology. And it follows from the second 
example of i jS.lOl that (A) - with q as in ^17.191 - is the unique cohomological 
module with coefficients in S[\] (V) which occurs in degree 1. The natural projection 
map 

H\Yk,S[x]{V)) ^ i/c'usp(>^if,^[A](^))A,(A) 

is therefore an isomorphism and we conclude from Thcorcm llO.lOl that {Y^, S[x] {V)) 
is spanned by the classes of the special cycles. As these define real cohomology 
classes Theorem 11.71 follows . 

Remark. If we assume Conjecture 16.41 then Theorem 11.71 remains valid as long as 
p>4. 

12. ShIMURA varieties associated TO 0(p, 2) 

12.1. Notations. Let notations be as in section [101 Assume moreover that G is 
anisotropic over F and that q = 2. For any compact open subgroup K C G(A/), 
the connected component Yk is therefore a closed projective complex manifold of 
(complex) dimension p. These are the connected Shimura varieties associated to 
0{p, 2) in the introduction. We consider the case where A — 0. 

12.2. The Lefschetz class. In that setting is a bounded symmetric domain 
in C. Let fc(zi,Z2) be its Bergmann kernel function and f2(z) ~ dd\ogk{z, z) 
the associated Kahler form. For each compact open subgroup K C G{Af), 
induces a (1, l)-form on Yk which is the Chern form of the canonical bundle "Kyk 
of Yk- As such it defines a rational cohomology class dual to (a possible rational 
multiple of) a complex subvariety: given a projective embedding this is the class of 
(a possible rational multiple of) a hyperplane section. Moreover: the cup product 
with induces the Lefschetz operator 

L:H''{Yk,Q)^H''^HYk,Q) 
on cohomology. This is the same operator as the multiplication by the Euler form 

62- 

12.3. According to the Hard Lefschetz theorem the map 

^fe . hp-''{Yk,C) HP+''{Yk,C) 
is an isomorphism; and if we define the primitive cohomology 

HI;^^{YkX) = ker(i'^-+i : m~\YK,C) -> HP+^+^Yk^C)) 
then we have the Lefschetz decomposition 

H"\Yk,C) = (BkL^'H'^r^^YK.C). 
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The Lefschetz decomposition is compatible with the Hodge decomposition. In 
particular we set: 

H;;-JYk,C) = H-'-{Yk,C) n H'p^^^iYK, C). 
And it follows from the third example of t jS.lOl that 

12 A. Proof of Theorem First note that if 7i< i [£±i] then 2n<m-£-l 
so that Theorem llO. 101 applies. Note moreover that Aq{0) = An^n- 

Let K C G{Af) be a compact open subgroup. Since Yr- is closed the cohomology 
of Yfc is the same as its cuspidal cohomology. The natural projection map 

H'^\YK,C)^HXiYK,C)A,io) 

is nothing else but the projection onto H^^I^^{Yk , C) and wc conclude from Theorem 
110.101 that i/p^i"^(yK, C) is spanned by the projection of the classes of the special 
cycles. Those are complex subvarieties of Yk- 
To conclude the proof we recall that 

H"'"{Yk,C) - ®kL''H;T^/'~''{YK,C). 

And since n—k < n the preceeding paragraph applies to show that H^^^'"''' (Yk , C) 
is spanned by the projection of classes of complex subvarieties of Yk- As wedging 
with L'' amounts to take the intersection with another complex subvariety we con- 
clude that the whole H"'^{Yk, C) is spanned by the classes of complex subvarieties 
of Yk- These are rational classes we can therefore conclude that every rational co- 
homology class of type (n, n) on Yk is a linear combination with rational coefficients 
of the cohomology classes of complex subvarieties of Yk ■ 

12.5. Remarks. If we assume Coniecture 16.41 then Theorem 11.91 remains valid as 
long as n < This is in accordance with the main result of [33] . 

13. Arithmetic manifolds associated to SO{p,q) 

13.1. In the general case where G = SO(p, q) wc can proceed as in the preceeding 
section to deduce Corollary 11.141 from Theorem 11.131 and Proposition 15.161 Note 
however that in this general case we have to use both totally geodesic cycles as- 
sociated to SO{p — n,q) (related to cohomological representations associated to a 
Levi of the form L = C x SOo(p — 2n, q)) and totally geodesic cycles associated to 
SO(p, q — n) (related to cohomological representations associated to a Levi of the 
form L^C X SOo(p, q - 2n)). 

13.2. Proof of Theorem 11.201 Recall that the arithmetic manifold Y = Yk is 
associated to a non-degenerate quadratic space {V, (, )) over a totally real field F. 
Consider an totally imaginary quadratic extension L/F and let r be the corre- 
sponding Galois involution. Then 

h{x,y) = {x,T{y)) {x,y £V ®f L) 

defines a non-degenerate hermitian form. We let U be the the corresponding special 
unitary group SU(/i). Then U is defined over F and U{F (g)Q R) = SU(p, q) x 
SU(m)'^~^ where d is the degree of F. 
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We define Sh(J7) as in the orthogonal case and consider S\{V) as finite [/-module 
(here V is complexified). The group U(/i) is a member of a reductive dual pair 

V(W) X \J{h) c Sp{V(E)W) 

where U(M^) is the ccntralizer of J (our choice of positive definite complex structure 
on W). In this way we can define the (■(/'-)theta correspondence from U(Ty) to U(/i) 
where the test functions (j> still vary in S(T^(A)"). 

At the place vq we have defined the Kazhdan form ipq, see ij7.15l We set 

i>nq,i = {i>q A . ■ . Alpq) ■ ipo,i 

V ' 

n times 

and 

4'nq,\ = (1 TTa) O IpnqA') ° ''A, 

where tt\ : V^^ -> S\{V) is the natural projection. We may therefore define 

i?C(Sh(c/),5A(y)) 

as the subspace of i/"9'0(Sh([/), 5'a(T^)) generated by those a G A%S\J{h)) that are 
in the image of the cuspidal ip-thet& correspondence from U(H^) where the infinite 
components ify of the global Schwartz function cj) satisfies 

y^vo = ''Pnq.x and (fiy = (po, u|oo, V ^ Vq. 

We consider the natural map 

(13.2.1) (Sh(C/),5A(y)) ^ H-l JShiG),S[,^iV))A^^,y 

obtained by composing the restriction map with the projection tt^a] onto the har- 
monic tensors. 

13.3. Lemma. The map (|13.2.ip is onto. 

Proof. This follows immediately from two facts: First the reductive dual pairs 
(U(W),\J{h)) and (Mp(M^), SO(F)) form a see-saw pair, in the terminology of 
Kudla [H]. Secondly, the restriction of the Kazhdan form i/'ng.A composed with the 
projection tt[\] onto the harmonic tensors is equal to <Pnq,[\], see ^7.151 □ 

It therefore follows from Theorem 110.51 and Theorem 18. Ill that if 2n < m — ^ — 1, 
the natural map: 

77"«'°(Sh(C/),5,(y)) ^ H,7,p(Sh°(G),5[,](y))^^(,) 

is surjcctive. Taking invariants under a compact open subgroup L C C/(A/) such 
that L n G{F) = K wc get Theorem [L20l with 

= Al\D^, 

where 

i?^ = SU(p,9)/S(U(p) xU(g)) 
and Ai is the image of U{F) n L inside SU(p, q). 
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14. Growth of Betti numbers 

14.1. Notations. Let F be a totally real field and its ring of integer. Let V 
be a nondegenerate quadratic space over F with dinii? V = m. We assume tliat 
G = SO{V) is anisotropic over F and compact at all but one infinite place. We 
denote by vq the infinite place where SO(y) is non compact and assume that 
G{Fy^) = SO{p, 1). We fix L an integral lattice in V and let $ = G(0) be the 
subgroup of G{F) consisting of those elements that take L into itself. We let b be 
an ideal in and let T = r(b) be the congruence subgroup of $ of level b (that is, 
the elements of $ that arc congruent to the identity modulo b). We let p be a prime 
ideal of which we assume to be prime to b. Set r(p'') = r(bp*''). The quotients 
Yp(pfc-) are real hyperbolic p-manifolds and, as first explained in |20j . the combination 
of Theorem 18. Ill and works of Cossutta [TH Theorem 2.16] and Cossutta-Marshall 
[201 Theorem 1] implies the following strengthening of a conjecture of Sarnak and 
Xue in this case. 

14.2. Theorem. Suppose « < | [f ] • Then: 

&,(r(p'^-))«voi(yr(p'^))t. 

Proof. Cossutta and Marshall prove this inequality with 6i(r(p'^)) replaced by the 
dimension of the part of iJ'(r(p'^)) which come from 6'-lift. But it follows from 
the first example of §5.101 that only one cohomological module can contribute to 
iJ*(r(p'^)) and since « < ^ [f] it follows from Theorem 18.111 that the classes which 
come from 6'-lifts generate 7J'(r(p*'')). Theorem 114.21 follows . □ 

14.3. Remark. 1. Raising the level b one can prove that the upper bound given 
by Theorem 114.21 is sharp when p is even, see [20l Theorem 1] . 

2. The main theorem of Cossutta and Marshall is not limited to hyperbolic 
manifolds. In conjunction with Thcorem lS. 1 H one may get similar asymptotic results 
for the multiplicity of cohomological automorphic forms in orthogonal groups. In 
fact Theorem 18.131 relates the multiplicities of certain cohomological automorphic 
forms to the multiplicities of certain Siegel modular forms. The latter are much 
easier to deal with using limit formulas as in |18l I71j . The main issue then is to 
control the level; this is exactly what Cossutta and Marshall manage to do. 

15. Periods of automorphic forms 

15.1. Notations. We keep notations as in H8.1\ and 19.11 In particular we let F 
be a totally real field of degree d and denote by A its ring of adeles of F. Let V 
be a nondegenerate quadratic space over F with dimpV = m. We assume that 
G = SO{V) is compact at all but one infinite place. We denote by vq the infinite 
place where SO(V^) is non compact and assume that G{Fyg) = SO{p,q). Hereafter 
U will always denote a totally positive definite subquadratic space of dimension 
n<pmV. And we denote by H the group SO{U-^). 

We furthermore let (tt, T4) be an irreducible (g, /iToo)- module such that 

for some finite dimensional irreducible representation {p,E) of SOo(p, 9) of domi- 
nant weight A with at most n nonzero entries. 



68 



NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN 



For any cusp form / in L^{G{F)\{SO{p,q) x G(A/)) and any character x of 
ttq = a* / F* , we define the period integral 

Pif,U,x)^ f fih)xiNspmu^{h))dh 

J H{F)\{SO{p-n,q)xH{Af)) 

where dh = ®vdhv is a fixed Haar measure on H{F)\{SO{p — n,q) x H{Af)). 

15.2. Distinguished representations. Let (cr, Va) be an irreducible cuspidal au- 
tomorphic representation of G(A) which occurs as an irreducible subspace Va in 
the space of cuspidal automorphic functions in L^(G(F)\G(A)) and such that ct„ 
is trivial for any infinite place v ^ vo- 

Note that a function / G Vo- lifts, in a canonical way, as a function in 

L\G{F)\{SO{p,q)xG{Af))). 

By a slight abuse of notation we still denote by / this function. We call P{f, U, x) 
the (x, C/)-period of cr. We write P{a, U,x) if there exists f £ such 
that P{f,U,x) is nonzero and P{a,U,x) = otherwise. Let us say that a is 
X- distinguished if P(cr, [/, x) 7^ for some U. 

15.3. Given a place u of -F we denote by V{ay) the space of the representation cr„. 
We furthermore fix an isomorphism 

r : ^ K C L\G{F)\G{A)). 

We finally write aj = ®^ ^^cr„ and F(cr/) = (8)^ /oo^('^")- 

We are only be concerned with the very special automorphic representation 
(cr, Va) such that the restriction of av„ to SOo(p, q) is isomorphic to tt. We abusively 
write "cr„Q = tt" for "the restriction of cr^,Q to SOo(p, g) is isomorphic to tt". 

Classes in the cuspidal cohomology H*^^^p{Sh{G) , E) are represented by cuspidal 
automorphic forms. We may therefore decompose H^^^p{Sh{G), E)Tr as a sum 

F:,3p(Sh(G),i?). = i7:,,p(Sh(G),£;)(a) 

where we sum over irreducible cuspidal automorphic representations (cr, V^) of G(A) 
which occurs as an irreducible subspace Va- in the space of cuspidal automorphic 
functions in L^{G{F)\G{A)). 

15.4. Recall from ^9.21 and 19.41 that for K small enough we have associated to a 
subspace U and a tableau T some connected cycles- with-coefficient c{U,gj, K)t ~ 
c{U,gj,K) (8) €t where et € E. We restrict to the case where the gj^s belong to 
H{Af) so that the c{U,gj,K) are the images the connected components of 

(15.4.1) H{F)\{SO{p -n,q)x H{Af))/{SO{p - n) x SOiq))lfrUI. 

Any character x of finite order of A* / F* defines a locally constant function on 
(|15.4.ip . Let Z^rp = x(Nspin[;((7j))c(C/,Pj,if)T and [Z^j,] the corresponding 
cohomology class in H^1^^^{X k , E) . We let Z'^i{S\i{G),E){a) be the subspace of 
_ff"^'gp(Sh(G), i?)(cr) spanned by the projection of the classes [Z^rp]. 

15.5. Proposition. Suppose that tt is associated to a Levi subgroup L = SO(p — 
2n, g)xU(l)" withp—2n>0. If the space Z"''{Sh{G), E){a) is non-trivial then a 
is X- distinguished for some finite character x- 
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Proof. This proposition is part of |1H Theorera 6] and we recall the proof for the 
reader's convenience. 

Recall that a is an irreducible cuspidal automorphic representation of G{A) 
which occurs as an irreducible subspace C i^(G(F)\G(A)). We identify Va as 
a subspace 

T/, CL2(G(F)\(S0(p,g)xG(A/))). 

We first relate the period integral to the pairing of a cohomology class with a 
special cycle, as done in [11] Theorem 6]. 

15.6. Using the above identification we have: 

(15.6.1) i7^1?,p(Sh(G),£;)(a) = Hom^^ (A">, K ® -B). 

Recall from i j5.4l that the isToo-module V{n) occurs with multiplicity one in A"'?p and 
that any non-zero element in the right-hand side of p5.6.ip factorizes through the 
isotypical component V{n). We furthermore note that V{n) occurs with multiplicity 
one in V{7t) ® E. Since V{tt) = V{(jyg) this leads to a canonical (up to multiples) 
non-zero element oj £ HomA'^ {V{n), V{avg) (E) E). 

Let {vj} and {Ij} be dual bases of V{n) and V(n)* ^ respectively. Fix a neat level 
K C G{Af) such that a has If- invariant vectors. For Xf in the space V{af) of fi/, 
the clement 

a; (g) X/ e Hom/f^ (^(n), F(cr„J ® E) ® V{af)'^ 
corresponds to a i?- valued harmonic form fl^f on 

Xk = G{F)\{SO{p,q) X G{Af))/K^K 

which decomposes as: 

= fj-Xf ® Gjlj 

j 

where fj^^j G V^. C L^(G(F)\(SO(p, g) x G(Ay))) is a cusp form, G E and the 
tensor product fj^^f <SD Cj is the image of the vector U!{vj) (g) Xf under the map t. 
The form fij-j, depends only on Xf and uj but not on the choice of bases {vj} and 

The Hodge ^-operator establishes a one-to-one ifoo-equivariant correspondence 
between A"'p and A^^~")''p as well as on their dual spaces. It maps onto the 
i?*-valued {p — rt)g-harmonic form *i}xf = X]j fj,xf <8i ej * Ij. 

Recall from >i8.4l that we have fixed a SOo(p, g)-invariant inner product {,)e on 
E and that this induces a natural inner product (, ) on i?-valucd differential forms. 

15.7. Let ujh be a fixed non-zero element in the dual space of A'^~"-'''pi/ where 
pH = pnf) and f) is the complexified Lie algebraof SO(p— n, q). Since dim A^^'~"'''pi/ = 
1, loh is unique up to multiples. Each *Zj may be represented as an element in the 
dual space of A''P~"-'''p. The restriction of *flxf to a connected cycle c(C/, g, K)t is 
therefore of the form (^^ Cjfj,xf Gj)^H where the Cj are complex constants. Let 

j 

Then for a suitable normalization of Haar measure dh, we have: 
(15.7.1) P{fx„T,U,x)^{[Z^,Tlilx,) 
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where (, ) denotes the inner product on differential forms. This remains true even if 
G is not anisotropic: the projection of [Z^ j\ in the cuspidal part of the cohomology 
belongs to the i^-cohomology. 

If Z"9(Sh(G),£;)(cr) ^ {0} equation (|15.7.ip therefore implies that 

and cr is x-distinguished. □ 

Question. Does the converse to Proposition ll5.5l also hold ? 

Answering this question seems to lie beyond the tools of this paper. As a corollary 
of Proposition 115. 51 we nevertheless get the following: 

15.8. Theorem. Let a he an irreducible cuspidal automorphic representation of 
G(A) which occurs as an irreducible subspace in L'^{G{F)\G{A)). Suppose that 
the restriction of CFyg to SOo(p, 9) is a cohomological representation tt = Aq(A) 
whose associated Levi subgroup L is isomorphic to SO(p — 2r, q) x U(l)'' with 2r < 
m— [m/2] — 1 and such that X has at most r nonzero entries. And suppose that for 
all infinite places v ^ vq, the representation ay is trivial. Then: a is x-distinguished 
for some finite character x- 

Proof. Applying Theorem 110.101 - with r = n - to each components of Xk we 
conclude that the projections of the classes [Z^ j,] for varying U, T and x generate 
iJ^"gp(Xj^, S'[>] {V))t^. (Here we should note that classes obtained by wedging a cycle 
class with a power of the Eulcr form arc not primitive and therefore project trivially 
into iJ«^3p(X;f,5'[A](^))x.) Therefore: ii H^^^^{Xk , Syx]{V)){(j) is non trivial, then 
Z"''(A:k, S[x]{V)){a) ^ {0}. And Theorem [iSl] follows from Proposition [HSl □ 

Remark. Again we point out that assuming Coniccturc 16.41 Theorem 115.81 remains 
valid \i p > 2r and m — 1 > 3r. We believe that these conditions arc necessary 
in general but even assuming the results of ^16.121 we would still have to answer 
positively to question 115.71 

Note that [IHl Theorem 1.1] and the proof of Theorem 115.81 implv the following: 

15.9. Theorem. Let a be an irreducible cuspidal automorphic representation of 
G(A) which occurs as an irreducible subspace in L'^(G{F)\G{A)). Suppose that the 
restriction of CFyg to SOo(p, (?) is a cohomological representation tt = Aq{X) whose 
associated Levi subgroup L is isomorphic to S0{p—2r,q) x U(l)'' withp > 2r, q>l 
and such that A has at most r nonzero entries. And suppose that for all infinite 
places V 7^ vq, the representation ay is trivial. Assume moreover that there exists a 
quadratic character rj of F*\A* such that the partial L-function L^{s, a x rj) has a 
pole at sq = Y ~ 1^ o.'^d is holomorphic for Re(s) > sq. Then: a is x-distinguished 
for some finite character x- 

We don't believe that belonging in the image of the theta correspondence - which 
is a subtle properties away from stable range - can be characterized only by the 
existence of a pole for a partial L-function. We propose the following: 

15.10. Conjecture. Let a be an irreducible cuspidal automorphic representation of 
G(A) which occurs as an irreducible subspace in L'^{G{F)\G{A)). Suppose that the 
restriction of ay„ to SOo{p,q) is a cohomological representation tt = Aq(A) whose 
associated Levi subgroup L is isomorphic to SO(p— 2r, q) x U(l)'' withp > 2r, q > 1 
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and such that X has at most r nonzero entries. And suppose that for all infinite 
places V vq, the representation is trivial. Then there exists an automorphic 
character x such that a ® x image of the cuspidal ip-theta correspondence 

from a smaller group associated to a symplectic space of dimension 2r if and only 
if a is rj- distinguished for some finite quadratic character rj and the global (Arthur) 
L-function L{s, a'''^ x ?/) has a pole at sq ~ ^ — r and is holomorphic for Rc(s) > sq. 

15.11. A 3-dimensional example. Let F = Q and let V be the 4-dimensional 
Q-vector space with basis ei, 62, 63, e^ and quadratic form 

q{xiei + X2e2 + x^ez + ^464) ^ x\ — x\ - x\ - dx\. 

Assume that d is positive and not a square in Q and let 

{Ad if rf= 1,2 (mod 4), 
\ d ifrf=3 (mod 4). 

Consider the group G = RcSq^^/^)/qGL(2). Recall - e.g. from [211 Proposition 
3.14] - that G is isomorphic to GSpin(T^) over Q. The corresponding arithmetic 
manifolds are therefore the same; these are the 3-dimensional hyperbolic manifolds 
obtained as quotient of the hyperbolic 3-space by Bianchi groups. 

Distinguished representations of G have already attracted a lot of attention: Con- 
sider periods associated to totally positive vectors in V . The corresponding groups 
H are inner forms of GL(2)|q and the corresponding cycles are totally geodesic 
surfaces. 

15.12. Proposition. Suppose that tt is an irreducible cuspidal automorphic repre- 
sentation of G{A). Then if tt is x- distinguished for some finite character x then 
some twist of n is the base-change lift of a cuspidal automorphic representation of 
GL(2,A). 

Proof. This follows from the proof of [23l §5]. □ 

Finis, Grunewald and Tirao |22| compare two classical ways of constructing cus- 
pidal cohomology classes in iJ^(SL(2, O-d) where 0_d is the ring of integers of 
Q{\/—d). The first is the base-change construction where the corresponding cus- 
pidal automorphic representations are obtained as twists of base-change lifts of 
cuspidal automorphic representation of GL(2,A). The second construction is via 
automorphic induction from Hecke characters of quadratic extensions of Q(-\/— d). 
In many cases, the part of the cuspidal cohomology thus obtained is already con- 
tained in the part obtained from the base-change construction. But it is not always 
the case - see [22l Corollary 4.16] for a precise criterion and they in particular 
prove the following: 

15.13. Proposition. Suppose there exists a real quadratic field L such that 

is unramified and the narrow class number h'^ is strictly bigger than the correspond- 
ing of genera g'^ = 2^^^^!^^, where 5{{L) denotes the set of primes ramified in L. 
Then: there exists a non base-change cohomology class in _ff^^gp(SL(2, 0-^). 

The smallest discriminant of a real quadratic field L such that /ij > g^ is 
di = 136. Note that Q{^—d)L/Q{\/~d) is unramified if and only if c?l divides D 
and dL and D/dh are coprime. 
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As a corollary (using propositions 115.51 and I15.T2|) we get the following: 

15.14. Proposition. There exists a cohomology class in iJ^^ygp(SL(2, 0_34)) which 
is not a linear combination of classes of totally geodesic cycles. 
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Appendix A 

We set notations as in §3.11 

Let TT be an irreducible automorphic representation of G(A) which occurs (dis- 
cretely) as an irreducible subspace of L'^{G{F)\G{A)). In this appendix we explain 
how to associate to tt a global Arthur parameter ^ such that outside a finite set S 
of places V of F the L-parameter of TTy is </Jif „ . 

16.15. Stabilisation of the trace formula. E The result we want to prove is 
known for G* , see Proposition l3.8l We thus want to relate the discrete automorphic 
spectra of G and G* . Let f = ^vfv a decomposable smooth function with compact 
support in G{A). We are essentially interested in 

(16.15.1) tracei?Ss(/) - trace {f\Ll,iG{F)\G{A)) , 

where L^jg is the discrete part of the space of automorphic forms on G{F)\G{A). 
According to Miillcr [66] this trace is well defined, but this is not necessary for 
what follows. Indeed: we fix f a positive real number and - following Arthur - 
wc will only compare sums - relative to G and G* - over representations whose 
infinitesimal character has norm < t. 

For fix t, Arthur defines a distribution / i— > /disc,t(/) as a sum of the part of 
(|16.15.ip relative to t and of terms associated to some representations induced from 
Levi subgroups, see [71 (21.19)]. We will briefly describe later the complementary 
terms. 

16.16. Elliptic subgroups. Consider the familly £ou(G) of elliptic endoscopic 
data for G [II §27]. As G is an inner form of G* , wc have: £cu(G) = £oii(G*). 
This set is explicitely described by Arthur, see [71 §30]. There are two cases accord- 
ing to the parity of m: 

If m = iV + 1 is odd G* = SO(iV + 1) and £cn(G*) is parametrized by pairs of 
even integers {N',N") with N" > N' > and N = N' + N". The corresponding 
endoscopic groups are the split groups 

(16.16.1) H = S0(A' + 1) X S0(A" + 1). 

If 7Ti = A is even G* ~ SO(A, ?;) and £cn(G*) is parametrized by pairs of 
nonncgative even integers {N',N") with A" > A' > and A = A' + A", and 
pairs {ri',ri") of idele class characters with (77')^ = {r]")'^ = 1 and rj = rj'rj". The 
corresponding endoscopic groups are the quasi-split groups 

(16.16.2) H = SO(A', 77') X SO(A", tj"). 

16.17. Fundamental lemmas and transfer. Thanks to Ngo and Waldspurger 
the hypotheses of local harmonic analysis made in [51 §5] are now proven, see 
Ngo (67] and Waldspurger [80]. We may thus associate to / a family of functions 
{f^)He£^n{G)'i these are the transfers of /. (Note that this is only a correspondence: 

is only defined through his stable orbital integrals.) If / is unramified outside 
of a finite set of places S D 00, this is still true for (if H is ramified in v and fy 
unramified, then and thus is the zero function). 

Note that G* belongs to £oii(G). This is the only endoscopic group of maximal 
dimension. Wc denote by /* the function f'~^ . 



^^In the following paragraphs wo follow the exposition of [9]. 



74 



NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN 



We recall Arthur's stabilized trace formula - see [H Cor. 29.10] or [H (3.2.3)0 
- in the following: 

16.18. Proposition. We have: 

(16.18.1) /d'lsc,t(/)= E <G,H)S!^,,,^,{f") 

H6£„„(G) 

where, for every H , S'^g^ j is a stable distribution. 

The coefficients t(G, H) - positive rational numbers - are defined in [TJ §27]. Note 
that (|16.18.ip - applied to G* rather than to G, and inductively to its endoscopic 
subgroup - uniquely defines the distributions S^^^^ j . 

16.19. Let's now be more precise about the transfer. Let S" be a finite set of places 
of F which contains all the Archimidean places of F. We moreover assume that 
S contains all the ramification places of G. If w ^ S", G x F^ is isomorphic to 
the quasi-split group G*{Fy) and splits over a finite unramified extension of Fy; in 
particular G x F^, contains a hyperspecial compact subgroup K^, see [76l 1.10.2]. 
Let Jft, be the corresponding (spherical) Hecke algebra. 

Wc will always assume that / = /s <8) , where — ^y^sfv a-nd /„ G CK^ for 
every v ^ S. 

If w ^ 5', the correspondence ^ is explicitcly described. It is a map from 
'Ky to the spherical Hecke algebra of {H{Fy), K^) where is a hyperspecial 
compact subgroup of H{Fy) (recall that H{Fy) is unramified if and v ^ S) 

and via the Satake isomorphism it translate exactly the Langlands functoriality. . 
We have already described the endoscopic groups H. They may depend on a 
quadratic character rj' . But - being unramified outside S - this leaves only a finite 
number of possible groups H. 

In an Archimedean place v, Shelstad [73] describes the transfer fy ^ f^ for 
functions in Schwartz-Harish-Chandra spaces. It follows from jl7( Appendice, Thm. 
A. 3] that transfer preserves compactly supported and K-fLuite functions. 

The explicit definitions of the transfer maps are of no importance to us, we 
just need that these transfer maps exist and are "compatible" with the actions of 
the characters of the spherical Hecke algebra, resp. of the center of the universal 
algebra. We now explain this compatibility. 

16.20. Fix V ^ S and let i?(G^) be the ring of (complex) finite dimensional rep- 
resentations of G^. The Satake transform gives an isomorphism S : Jf^, = i?(G^). 
The L-embedding ^ thus induces a homomorphism b : J{„ — > . It 
follows from Ngo's work that for all /„ £ Ky, b{fy) is a transfer of /. Note in 
particular that the characteristic function is a transfer of 

Recall that characters of i?(G^) are indexed by semisimple conjugacy classes in 
the dual group G^ . We can thus associate to any complex character of the Hecke 
algebra J{„ a semisimple class in G^ , its Satake parameter. 

^^On p. 135 of [3] Arthur says that Proposition 116. 181 "is now valid if G is a connected group." 
We should nevertheless point out that the announced proof by Laumon and Chaudouard |15l 114) 
of the wreighted fundamental lemma has not been completly written yet. Indeed: Waldspurger's 
reduction 1811 1821 to positive characteristic makes use of a "non-standard" form of the weighted 
fundamental lemma which "s'obtient par des methodes similaires et sera traite ulterieurement" 
1141 §1.2]. At time of writing this should nevertheless be considered as an additional hypothesis 
in Arthur's work (and therefore in ours). 
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Now if Xv is a character of with Satake parameter s in i/^ then / i-> Xv{f^) 
defines a character of with Satake parameter the conjugacy class of s in . 
This is the compatibihty of the transfer maps with the actions of the characters of 
the spherical Hecke algebra we were referring to above. 

There is a similar statement for the action of the center of the universal algebra 
over infinite places, we refer to [10| for more details. 

16.21. We may now decompose (|16.18.ip according to characters x = ®vXv where 
if V is finite ^ S then Xv is a character of !K„ : 

(16.21.1) /S.c.x(/)= E ^{G,H)Sg,,^^{f"), 

(Sec the proof of [3j Lemma 3.3.1] for more details.) Note that in the right-hand 
side 5'|[g(. ^{f^) is zero if some Xv {v ^ 5*) does not factor through a character of 

nrH 

Jt„ . 

16.22. Destabilisation. We may now iterate (|16.21.ip by replacing G by its en- 
doscopic subgroups and so on. By induction, we get that each S^^^^^{f^) writes 
down as a linear combination of terms //jg^. yi,f^) where the groups J are iterated 
endoscopic subgroups of the groups H . 

We rather call iterated endoscopic subgroup a sequence 

{G,Hi,...,Hr=J)=d 

where each is an endoscopic subgroup of Hj. The map / i— > f^^ i—> (/^^ i-> 
... I— > /"^ - in fact just a correspondence between smooth functions - is not obviously 
independent of the sequence (G, Hi, ... , Hr = J). We denote by the final term. 
The induction ends up with a finite expression: 

(16.22.1) I^scM) = E'?(^'3)^/i.c,x(/^) 

3 

where the rj{G, 3) are rational ~ maybe nonpositive - numbers. 

16.23. It is now time to describe I^isctif)- We refer to Arthur [H §4] - see in 
particular formula (4.3) - as well as to [7J (21.19)] for the definition: 

(16.23.1) Ig,,4f) = tmce{f\Ll,,4G{F)\G{A))) 

+ Eyz^ E |det(s-l)rHrace(A/p(.,0)/p.*(0,/)). 

Here we sum over proper standard Levi subgroups of G; the operator /p^t(0, /) is 
defined by the action of / in a representation of G(A) unitarily induced from a 
finite - when /oo is A'-finite - sum of representations in the discrete spetrum of 
M(A). We won't need the definitions of the remaining terms, see [HE]. 

All the representations occuring in (|16.22.ip share the same infinitesimal char- 
acter; the sums are therefore finite. Moreover: the distributions /disc,x yield char- 
acters of the spherical Hecke algebras J{« {v ^ S) which are equal to Xv- We now 
explain that this forces all the representations occuring in (|16.22.1[) to have the 
same i-parameter (up to conjugacy) for v ^ S. 
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16.24. Let V ^ S. The character of an irreducible smooth complex unramified 
representation tt = tti, of G{Fy) induces a character of Jfi,. We denote by s{tt) its 
Satake parameter. Note that if (p : W!^ — >■ is the L-parametcr of tt then s{tt) is 
the semisimple conjugacy class of the projection into G^ of the image of (f. 

Now the compatibility of the transfer map with the actions of the characters of 
the spherical Hecke algebra - sec §16.201 - implies that the w-local components of all 
the representations occuring in (|16.22.ip share the same Satake parameter seen as 
a conjugacy class in G^. In particular: all representations tt occuring in (|16.22.ip 
share the same local L-factor L{s,TTy). 

16.25. Conclusion. Let tt be an irreducible automorphic representation of G(A) 
which occurs (discretely) as an irreducible subspace of L^(G(F)\G(A)). We may 
consider x as above such that tt occurs in the left-hand side of (|16.22.ip . It cor- 
responds to TT at least one iterated endoscopic subgroup J of G and an irreducible 
automorphic representation of J(A) which occurs (discretely) as an irreducible sub- 
space of L^( J(F)\ J(A)). Let 5* be the corresponding global Arthur parameter. By 
definition we take ^' as the global Arthur parameter of tt. Note that outside the 
finite set S of places w of F the i-parameter of tTu is (p^i^^ . With this definition of 
Arthur parameter Proposition 13.81 and Lemma 13.101 still hold with G* replaced by 
G. 
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Appendix B 

In this appendix we prove Proposition 16.91 The strategy - as suggested by 
Lemma 16.71 - rehes on the general principle stated by Clozel according to which in 
an Arthur packet we find the representations belonging to the Langlands packet and 
more tempered representations. We addressed this question through the study of 
exponents. 

17.1. Notations. Let p and q two non- negative integers with p + q ^ m and let 
G = SO(p, q). We set g = [m/2] and N = 2£. 

17.2. Exponents. Let tt be an irreducible unitary representation of G. According 
to Langlands |51| n belongs to a unique L-packct associated to an L-paramcter 

Being semisimple, the parameter (p^c* : C* C GL{N, C) is conjugate into 

the maximal torus = {diag(a;i, . . . , x^, x^^, . . . , a;^^)} of G^. We may therefore 
write = [rji, . . . ,r]i,r]'^^ , . . . ^rii^) where each rjj is a character z z'p^'z^^ = 
u'^jt'^j (^z = ut, t > 0, |u| = 1). Here each fij = pj — qj £ Z and i^j — pj + qj. The 
set {±Ile{vj)} of real numbers- with- multiplicities is well defined; we denote it by 
Exp(7r). 

17.3. Now if TT is a cohomological representation as in ^6.6[ it follows from Lemma 
16.71 that the map 



Z 1-^ f^{z) = ( z 



(zz) 2 

{zz)-i 

is the L-parameter of tt. Since the fij are unitary characters they contribute only 
trivially to Exp(7r). The nontrivial elements therefore all come from the Rm/s. 
And since 



(zz) 2 

(zz)- 



/ (zz)^ \ 

(zz) 2 

(zz)^^ / 



(j = 1, . . . ,t), we conclude that: 



Exp(7r) = (J 2{TOj — 1, mi — 3, . . . , 1 — mj}U{mo — 1, niQ — S, . . . , 1 — 7tio}U{0, . . . , 0}. 

Example. Let tt be a cohomological representation of G associated to a Levi sub- 
group L = SO{p ~ 2r, q) x U(l)''. Then: 

Exp(7r) = {m - 2r - 2, m - 2r - 4, . . . , 2r + 2 - m} U {0, . . . , 0}. 

The goal of this appendix is to prove the following. 

17.4. Proposition. Let tt be an irreducible unitary representation of G. Assume 
that Exp(7r) contains Xq. If it belongs to an Arthur packet Y\{^) then the parameter 
^' contains a "big" SL2(C) factor Ra with a > xq -I- 1. 
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Remark. Let tt be as in Example 117.31 above. Then m — 2r — 2 e Exp(7r). In 
particular: if tt belongs to an Arthur packet IK^) then the parameter 4" contains 
a "big" SL2(C) factor Ra with a > m — 2r — 1. Proposition 117.41 therefore implies 
Proposition 16.91 

17.5. Discrete series of the linear groups. Let fc be a positive integer. If fc > 2 
we let d{k) be the tempered irreducible representation of GL(2,R) obtained as the 
unique irreducible quotient of the induced representation 



(normalized induction from the Borel). It is the unique irreducible representation 
with trivial central character which restricted to the subgroup SL=^(2,E) of elements 



(more standard) discrete series representation of SL(2,IR) as considered in e.g. [HI 
Chapter II, §5]. 

If fc = 1 we denote by S{k) the trivial character of R* ~ GL(1,M). 

We note that if /i is a tempered irreducible representation of GL((i, M) that is 
square integrable modulo the center then d = 1 or 2 and \x is obtained by tensoring 
some (5(fc) with a unitary character v of R*. More precisely: 

• If d = 1 either = 1 ® | • |'* or = sgn (g) | • |**. Here 1 denotes the trivial 
representation and sgn the sign character of M* and t G R. Then [i~ v. 

• If d = 2, 1/ = I det(-)r* {t e Then ^i = D^®\ det(-)r*. 

Hereafter we denote by /x(fc, v) the representation obtained by tensoring (5(fc) with 
V. And we simply denote by /i(fc, ■ |* (fc > 1, s e C) the representation /i(fc, v) ® 



17.6. Admissible representations of GL(A'^, R). Let r be a positive integer and 
for each i = 1, . . . , ?■ fix fc^ a positive integer and Vi a unitary character of R*. We 
let di = 1 if fci = 1 and let = 2 if ki > 2. We assume that N ^ di + . . . + dr. 

Now let X = (xi, . . . , Xr) € R*^ be such that xi > . . . > Xr- Consider the induced 
representation of GL(iV, R): 

I((fc,,Mj,a;j)j=i,...,r) = ind(^(fci,i^i)| • . . . , ^^{kr , Vr)] ■ l^") 

(normalized induction from the standard parabolic of type (di, . . .,dr)). We call 
such an induced representation a standard module. These generat^^ the Grothendiec 
group of the smooth admissible representation of GL(A^, R). 

According to Langlands |51| I((fci, i^i, Xi)i=i,....r) has a unique irreducible quo- 
tient. We note (see e.g. [TUl Chap. 3]) that - when restricted to C* - the L- 
parameter of this representation is conjugate into the diagonal torus of GL{N,C) 
and each (fcj, Vj,Xj) contributes in the following way: 

• if kj = 1 and Vj = \ ® \ ■ \ or Vj = sgn (g) | • | , it contributes by 

z {zz) 2 , and 

• if kj > 2 and I'j = | dct(-)|'*J , it contributes by 



ind(| • 1^ (g) I • I 



g such that | det((7)| = 1 is isomorphic to Dk = indi 




(D^) where is the 



|det(.)r 




have a basis we still have to take care of possible permutations of the indices {1, . . . , r}. 
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17.7. Arthur parameters. Consider the outer automorphism: 

e -.xi^ J^x-^J {x e GL(A^, M)). 

Recall that a local Arthur parameter 4* is a formal sum of formal tensor products 
M Rj where each /ij is a (unitary) discrete series representation of say GL(aj, K), 
Rj is an irreducible representation of SL2(C) of dimension bj and N = J^j'^j^j- 
We furthermore request that = vf. 

We have associated to such a parameter ^' an irreducible unitary representation 
of GL(A^, M). Wc note that each /ij is isomorphic to some ^{k,v) {k > 1, ly 
unitary character of M*). By Langlands' classification 11* can then be realized as 
the unique irreducible sub-quotient of some standard module i/^, 
where {ki,i'i^Xi)i=i^...^r are obtained as follows: Wc write 6i > 62 > . . .. Then 

I • rv(Ai, 1^1) = I • i^A^i, I • r^A*(fc2, 1^2) = I • i^M2 (if b2 = 61) 

. . . I • pti{kj,iy,) = I • (if bj ^ 61). 

We then put the characters of smaller absolute value, and so on. As 11* is 9- 
stable, we may furthermore arrange the {ki,Vi,Xi) so that there exists a integer 
r+ € [0,r/2] such that: 

• For each i — 1, . . . , r+, we have ki = kr-i+i, Vi = f^T-i+i and Xi = —Xr-i+i- 

• For any j ~ + 1, . . . ,r — r^, vj is a quadratic character (trivial if kj > 1 
with our convention) and Xj =0. 

• For any i, j G {?'+ + 1, . . . , r — r+j with i ^ j, we have either ki ^ kj or 

Ui ^ Vj . 

A standard module satisfying the above conditions is called a 9-stable standard 
module^^ Note that is uniquely determine by the above conditions. We set 

iV+ = (ir++l + ■ • • + dr-r+ ■ 

It is an even integer and we let m+ the integer of the same parity as m and such 
that [?7i+/2] = N+. 

17.8. Tv^risted traces. Let 11 be a 0-stable irreducible admissible representation 
of GL(A, M). Wc fix an action of 9 on the space of 11 that is: an operator Ag 
{Aj = 1) intertwining 11 and 11^. For any test function / e C;?°(GL(A^, M)) we can 
then form the 0-trace trace6in(/) = tia.ce{Il{f)Ag). As = 1 the action of 9 is 
well defined up to a sign. The 6'-trace of H is thus well defined - independently of 
the choice of Ag - but only up to a sign. We abusively denote it tracer (H) . 

Standard modules may be reducible, as such there is an obvious notion of 0-trace 
of a 0-stable standard module. We take here the following explicit definition: Let 
I{{ki, Vi, Xi)i^i^,,,^r) be a ^-stable standard module. Then the induced representation 
I((fci, i^i, Xi)i^r++i,...,r~r+) " representation of a smaller group (eventually trivial) - 
is irreducible and 6'-stable. We can thus choose an action of 9 on the space of this 
representation; we extend canonically this action to the space of I((fci, Vi, a;i)i=i,...,r). 
This defines - up to a sign - an action of 9 on l{{ki, Vi, Xi)^^!....^^) and we can define 
as above the 6'-trace of this representation. 



'Note that standard modules are generally not irreducible 9-stability has thus to be defined. 
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17.9. We now begin the proof of Proposition 117.41 We first assume that G = 
SO(V^) is quasi-split. 

Let l{{ki,Vi,Xi)i^i^,,,^r) be the 0-stable standard module associated to the pa- 
rameter For each i ~ tj^- + 1^ . . . ,r — r+ we have xi = Q. And the L-parametcr 
of the tempered irreducible standard module l{{ki^ ^'i)i=j-++i....,r-r+) of GL(iV_|-, E) 
factorises through the L-group of some quasi-split orthogonal group SO(Kf ) of the 
same type as SO(y) and with dimV+ = m+ (of the same parity as m). 



symplectic if k is odd and orthogonal if k is even. Since = Sp(Af, C) if m is odd 
and G^ = SO(A^, C) if m is even and 2;^ = for i = r+ -|- 1, . . . , r — r+ we conclude 
that for each i = r+ + 1, . . . , 1 — r+ the integers ki > 2 and m have the same parity. 

17.10. We say that a representation 11 of GL{N, M) is a twisted transfer of a virtual 
character of G including a representation tt of G if there exists a finite set £ of 
irreducible representations of G which contains tt and for each tt' e £ there exists 
a complex number a^' G C* such that for any test function / e GL(Af, M) which 
transfer to € C^{G), we have the equality: 



We remark that such an equality determines uniquely £ and the constants Ctt' . 
Taking 11 = n,i, the set £ is Arthur's packet IK"^)- ^"^^^ prove the following: 

17.11. Lemma. The 9-trace ofl{{ki, Vi, Xi)i=i^,,,^r) 'is a twisted transfer of a virtual 
character of G which contains only representations with exponent less than or equal 
to the leading exponent of any induced representation of G of the form 



Here the induction is normalized and from a parabolic of G whose Levi is isomorphic 
to GL(di,M) X ... X GL(d^^,R) x SO{V+). 

Proof. The module / = I((A:i, m;, a;;);^!^...^^) may be written as an induced repre- 
sentation: 

ind(g)[;^ ^i{k„v{)\ ■ 1^' ® I{(h,V„Xi)i=r+ + l,....r~r+) ®[tl l^{ki,Vi)\ ■ 1^* 

(normalized induction from the standard parabolic of type 



Let M be the Levi subgroup of the inducing parabolic subgroup P; it is a product 
of GL and Im = ^[tilJ'ih, Vi)\ ■ I{{ki,iyi,Xi)i^r++i,...,r-r+) fi{h, t^^)] • I""' 
is a representation of M. Fix K a maximal compact subgroup of GL(Af, M) and 
write GL(iV, R) = UMK with the usual notations. If / is a compactly supported 
if-finite function on GL(iV, R) we set: 





ind ®\+^ li{ki,Ui)\ ■ 1^- ®CT. 



(di, . . . , drj^ , iV+, rfr-r+ + l, ■ ■ ■ , dr)) . 




One can easily check that: 



trace /(/) trace /m(/m)- 
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The twisted version of this as weh as computations analogous to [111 §3.4] then 
show{3 that the twisted transfer commutes with the 0-stable induction: (/'^)a/g 
is a transfer of fuj- Here Mq is a Levi subgroup of G as well as an endoscopic 
subgroup of M . 

We may therefore reduce the proof of Lemma llT.lll to the case where r+ = 0. In 
that case IdkiyVi, Xi)i=i^,,,^r) is a tempereii irreducible 0-stable representation (note 
that each Xi =0). Moreover: it is ^-discrete in Arthur's sense. 

It now follows from [31 Theorem 1.4.1] (the Local Induction Hypothesis in [7J 
p. 244]) and the discussion following it that the 6'-trace of I{{ki,i'i,Xi)i=i^,,,^r) is 
a twisted transfer of a virtual character of a unique elliptic endoscopic group. As 
the ki and m have the same parity, this endoscopic group is necessarily orthogonal 
isomorphic to G (recall that G is quasi-split). 

The representation I((fci, Vi, Xi)i=i,...,r) is tempered. The extension to the twisted 
case of Shelstad's strong spectral transfer of tempered archimedean characters 
therefore implies that the corresponding virtual character of G only contains tem- 
pered representationsl3 □ 

In the quasi-split case Proposition 117.41 finallv follows from the following: 

17.12. Lemma. The 9-trace o/II^ is a twisted transfer of a virtual character of G 
which contains only representations with exponent less than or equal to the leading 
exponent of any induced representation of G of the form 



Here the induction is normalized and from a parabolic of G whose Levi is isomorphic 
to GL(cii,R) X ... X GL(d^^,R) x SO(F+). 

Proof. We first prove that the 0-trace of 11 = is a linear combination of the 9- 
traces of standard modules I((fc,', v[, x'^)i^i,,,,y ) with leading exponent less than or 
equal to the leading exponent of the standard module I((fci, Vi, Xi)i=i^,,,_r) associated 
to 4*. Recall that we have chosen an action of 9 on l{{ki, i^i, Xi)i=i^,,,^r)- Consider a 
(non canonical) filtration: 



where each Wj, j = 1, . . . , s, is 6'-stable and each quotient Wj+i/Wj, j = 1, . . . , s— 1, 
is isomorphic to the (non necessarily direct) sum of an irreducible representation 
Vj and its image under the induced action of 6, denoted d{Vj). Then Ws/Ws~i is 
isomorphic to 11 and we have: 



We note that tra.ccg{Wj+i/Wj) = unless Wj+i/Wj is the space of an irreducible 
representation of GL(A^, IR). We conclude that tracee(n) is a linear combination 
of 0-traces of standard modules I((fc^, f^, xQ^^i ... ,,') with leading exponent less 
than or equal to the leading exponent of the standard module I((fci, Vi, Xi)i=i^,,,^r)- 
Moreover: all these representations have the same infinitesimal character than 



'We don't provide more details as this general fact is well known to spccialits and because 
Arthur uses it everywhere in his work. 

"'^^Here - as in Arthur's work - we are taking for granted the extension of Shelstad's endoscopic 
classification of representations of real groups to the twisted case. 



ind«)[+^ /^(fc,,i/j)| • |^'®cr. 



= Wo^Wi^ ...^Ws= I((fc„ a:0^=l,...,.) 
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I'i, a;i)i=i,...,r). This forces the fc- to have the same parity as m. When m 

is odd this forces the parameter 4*' corresponding to l{{ki,h'i,Xi)i=i r) to factor- 

ize through and we conchide by applying Lemma 117.111 When m is even 4"' 
factorizes through the L-group of a quasi-spht even orthogonal group. The quasi- 
split form is uniquely determined by the determinant of the L-parameter of the 
standard module. But this determinant is the same for any principal series - in- 
duced representation from the Borel - that contains 11 as a subquotient. We thus 
conclude that in any case ^' factorizes through and Lemma [17. Ill applies. □ 

17.13. From non quasi-split forms to quasi-split ones. Here we do not assume 
that G is quasi-split and we denote by G* the quasi-split form of G. 

As G is not quasi-split, local Arthur packets are not well defined. We will work 
globally using notations of appendice A. Indeed: recall that if tt is an irreducible 
automorphic representation of G(A) which occurs (discretely) as an irreducible 
subspace of L'^{G{F)\G{A)), we have explained how to associate to tt a global 
Arthur parameter such that outside a finite set S of places v F the L-parameter 
of TTy is . 

Proposition 117.41 should then be formulated as: 

17.14. Let vq is an infinite place of F such that SO(y){Fyg) = SO{p,q). Assume 
Exp(7r„g) contains xq- Then the associated Arthur parameter contains a SL2(C) 
factor Ra with a > + 1 . 

We now explain how to reduce the proof of 117.141 to the quasi-split case. We 
keep notations as in appendix A. 

17.15. We first write the distribution / i~> /disc,x(/) ^-S- 

/discx (/) = trace 7r,„ ) I m-' trace tt'"" ) ) + ^ trace <; (/„ JL.- ) , 

\ it' / 7r" 

where we first sum over a (finite) set - including tt - of irreducible automorphic 
representation tt' of G(A) which occurs (discretely) as an irreducible subspace of 
L2(G'(F)\G(A)) such that 

^'va — """t'o and then sum over a (finite) set of irreducible 
automorphic representation tt" of G(A) which occurs (discretely) as an irreducible 
subspace of L'^{G{F)\G{A)) and such that tt^^^ ^ tt^,,,. Here the L^r" are distribu- 
tions that don't matter for the proof. The coefficients m^' are multiplicities. Using 
linear independence we may fix such that ^^,m7r' trace 7r"'"(/"") ^ 0. We 
conclude from (|16.21.ip that for any local test function /„g we have: 

(17.15.1) a;trace7r„o(/^,J + ^a::rtracer(/„J = ^ /-(G, i?)yff (/„^). 

T He£oii(G) 

Here x ~ m^r' trace 7r'^° (/■"") is a nonzero complex number, the sum in the 
left-hand side is over the finite set of local components r = tt'^^ of irreducible 
automorphic representation tt" of G(A) which occurs (discretely) as an irreducible 
subspace of L^{G{F)\G{A)) and such that tt"^ ^ n^g, each Xr is the sum of the 
corresponding L^r" (/""), and yn = 5'dfsc x^'^"" distribution 5'|[g^ ^ 

- out of vo - evaluated on the transfer of the fixed function f^° . The sum in the 
right-hand side is finite. 
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17.16. We let E be the union of the finite set of representations t of G{Fyg) = 
SO{p,q) occuring in the first sum and the representation ttuq. Equation ()17.15.1| ) 
now writes as0 

(17.16.1) ^ trace cr(/„„) = ^ aH'S'fsc,x,«o 

Let us rewrite this equahty in purely local terms. We fix vq the archimedean place 
and denote by ttq the virtual representation on the left-hand side. On the right- 
hand side we sum over the local component of the elliptic (for the global situation) 
endoscopic groups putting together isomorphic componant to obtain for all A'„,-,- 
finite function /g 

(17.16.2) trace ^o(/o) - ^ trace n^^^'iC'), 

Ho 

where here Hq are some local endoscopic groups, tt^" are virtual representations for 
Hq and is the transfer of /q. The Hq are products of orthogonal groups (with 
some auxiliary data); let us make this precise in the (most difficult) case m = iV is 
even. The groups Hq are quasi-split forms of products S0(7V') x S0(7V") with N" > 
N' >0 even {N' = 2i' , N" = 21") and TV = iV'-^iV". In particular when is fixed, 
there exist e', e" e {0, 1} such that Bq 9i SO(f + e', £' - e') x SO(r + e", £" - e"). 

17.17. We recall that the left hand side of (|17.16.2p contains in a non trivial man- 
ner the representation tt^q. We write ttq in the Grothendieck group of smooth 
admissible representations of G{Fyg) using the basis given by the standard mod- 
ules. Writing first tt^q in this basis we have a standard module with a "maximal" 
exponent. This standard modules can disappear when we write ttq in the same 
basis but only if a standard module occurs with a bigger exponent. We will prove 
that this implies that the right hand side of (|17.16.2p also has an exponent at least 
so big that the maximal exponent of tt^q. To do so we decompose the right-hand 
side in the Grothendieck group of each Hq using the basis of such a group given by 
standard modules. Precisely: fix Hq and write 

Mho,XMho 

where Mho is any (standard) Levi subgroup of Hq, XMho ^ virtual representation 
of linear combination of tempered representations twisted by a character and 
the induction is normalized and from a (standard) parabolic subgroup with Levi 
subgroup Mho- Because ttq" is stable, the virtual representation is also XMho 
also stable ([5]). 

17.18. Computing the trace on we get trace(indxMir(, {fo°)) = if does 
not come from G. We can be more concrete on this condition with the above 
notations: we may assume that Mho is a product M' x M" with M', resp. M", a 
Levi subgroup of S0(^' + e', £' - e'), resp. S0(^" + e", £" - e"). Using the fact that a 



^'^Note - but wc won't use it - that the stable distributions f i-¥ (f) arc linear 

combinations of (a finite number of) Arthur packets: they were obtained by fixing a character of 
the spherical Hecke algebra out of a finite set of places S and H is quasi-split. 
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tempered representation of a general linear group is a full induced of discrete series 
representation, we can write 

M' = GLK) X ... X GL«,) X S0(£;, + e' ,1'^ - e') 

and 

M" = GL(?7'/) X ... X GL«„) X S0{1'^ + e", t'^ - e") 

with u', u" G N, n;, n'^ € {1, 2}, + ^jl^ = f , and + ^J^^i n'^ = f. The 
group comes from G if only if we have 

u' u" 

min(p, g) > M := X] + X! "^J ' 

the group S0(^o + e',^g — e') x S0(^o + e",^o — e") is an endoscopic subgroup of 
SO(p — — /.t), as well as some auxiliary data that we do not need here. If 
these conditions arc fulfilled, is relevant for the Levi subgroup M of SO(p, q) 
isomorphic to 

GLK) X ... X GL«,) X GL«) x ... x GL«„) x SO(p - ^i, g - m)- 

And for all functions /o as above we have: 

tracc(indxM„o(/(f'')) = tracc(indxM(/o)), 

where in the right-hand side xm is the Langlands transfer of XMh^, and the induction 
is normalized and from a standard parabolic subgroup of G{Fyg) of Levi M; this 
transfer is the identity on the GL factors. 

17.19. Now we have written the right-hand side of (|17.16.2p in terms of traces 
of standard modules for G{Fvg). The big exponent of the left-hand side therefore 
appears in this sum. Going back, there is at least a triple {Hq^ Mho-,XMho) with 
this exponent. We recall that Hq is a quasi-split orthogonal group or, in general a 
product of two quasi-split orthogonal groups. With the description given previously, 
there is at least one factor of this product which has the big exponent (and this 
factor is certainly not a form of S0(2)). We still go back to a global endoscopic H 
which gives rise to this Hq and whose representation tt^ has this local exponent. 
We now apply to this H and tt^ the property of the quasi-split case. This say 
there exist an integer a with a > xq + 1 {xq is the big exponent) and a quadratic 
character 77 such that for almost all places v, the character of the spherical Hecke 
algebra comes from the Langlands parameter: 

1p'[v] ®fc6[(a-l)/2,-(a-l)/2] Vv\-\'', 

where ip'b^] is suitable and not important for us. We now obtain the character of 
the sperical algebra of G acting on tt through the Langlands functoriality from H 
to G and this gives the wanted property. 
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